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Abstract

We present a criterion of reducibilit y of a zero curvature representation to a
solvable subalgebra,henceto a chain of conservation laws. Namely, we show that
reducibilit y is equivalent to the existenceof a section of the generalizedRiccati
covering. Results are applied to conversion betweenGuthrie's and Olver's form
of recursion operators.

1 In tro duction

To establish integrability of a nonlinear partial di�eren tial equation in the senseof
soliton theory [1, 37], at least in two dimensions,oneusually looks for a zerocurvature
representation (ZCR) [43], possibly in the form of a Lax pair [17]. If depending on a
non-removable(spectral) parameter,a ZCR may serveasa starting point of methods to
derivein�nitely many independent conservation lawsand largeclassesof exactsolutions.

However, certain ZCR's do not imply integrability becauseof speci�c degeneracy,
which doesnot evenrule out possibledependenceon oneor morenonremovableparam-
eters. E.g., Calogeroand Nucci [3] gave a formula to assigna Lax pair to any nonlinear
systempossessinga singleconservation law, arguingthat such systemsaretoo abundant
to be all integrable. Recently Sakovich [33] observed that the Calogero{Nucciexamples
canbe singledout by propertiesof their associated cyclic bases.In particular, the `bad'
ZCR's fail to generatean integrablehierarchy.

In this paper we postulate that a ZCR is degenerateif it takesvaluesin a solvableLie
algebraor is gaugeequivalent to such. Even though someresearchers are inclined to
admit the relevanceof such ZCR's to integrability, our results below seemto support
the opposite opinion.
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ZCR's taking valuesin an abelian algebraare well known to be equivalent to a set of
local conservation laws(see[1, Sect. 3.2.c]). Usingthe Lie theoremon �nite-dimensional
representations of solvable algebras,we show in Sect. 4 rather easily that every ZCR
that takesvaluesin a solvablealgebrais equivalent to a `chain' of nonlocal conservation
laws. This simpleresult renders,e.g.,attempts to generatein�nitely many independent
conservation laws out of a degenerateZCR rather unrealistic.

In Sect. 5 we addressthe problem of detecting reducibilit y of a ZCR to a subalge-
bra, in particular, to a solvable one. Purely algebraiccriteria are insu�cien t sincethe
Lie algebra a ZCR takes values in may be altered by gaugetransformation. On the
other hand, when trying to �nd the reducing gaugematrix directly, we face a rather
largeunderdetermineddi�eren tial system.Our ideais to employ an appropriatematrix
decomposition, namely, the Gram or Gaussdecomposition. Earlier thesedecomposi-
tions wereapplied by Dodd and Paul [6, 7] in the context of B•acklund transformations.
A remarkable connectionbetweendecompositions and integrable systemsemergedin
numerical analysis[4, 5, 41].

The last sectionis devoted to recursionoperators, direct and inverse,for symmetries
of integrablesystems[2, 14, 28, 39]. In Olver's [27, 28] formalism, a recursionoperator
is a linear integro-di�erential operator 	, which mapssymmetriesto symmetries.The
standard way of inverting 	 consistsin �nding di�eren tial operators K ; L such that
	 = L � K � 1; then 	 � 1 = K � L � 1. However, one encounters the problem of writing
the inverseL � 1 as an integro-di�erential operator. In the scalarcase,L may be put in
the form L = qnDqn� 1D � � � q1Dq0, wherethe coe�cien ts qi are expressibleasquotients
of wronskiansof independent solutions vi of L(v) = 0 (see[31] for a simple derivation
of this classicalresult, equivalent to decomposability into �rst-order factors; see[44]
for the matrix case). In our context, qi are nonlocal functions and �nding them is
consideredto be the most di�cult part of the wholeprocedure.Onceqi are found, one
can invert L simply as L � 1 = q� 1

0 D � 1q� 1
1 � � � D � 1q� 1

n� 1D � 1q� 1
n . This is essentially the

generalschemebehind the works [12, 18, 19, 20, 29, 32].
Guthrie's [11] recursionoperators resemble B•acklund autotransformationsfor the lin-

earizedsystemand indeedcanbe interpreted this way (see[22]); their inversionis quite
straightforward and doesnot require the introduction of new nonlocalities. Moreover,
Guthrie's operators do not su�er from the known abnormities, related to the fact that
D � 1 � D = id fails to hold ([10, 34]). Let us also remind the reader that computing
the `inverse'Guthrie operator starting from a known ZCR may turn out to be easier
than computing the `direct' one (see[24]). The conversion from Olver's to Guthrie's
form was explainedby Guthrie [11] himself, the result being further strengthenedby
Sergyeyev [35]. Concerningthe backward conversion, the x-part of a Guthrie opera-
tor can be written as an integro-di�erential operator if the ZCR underlying it is lower
triangular. A non-parametric ZCR can be made lower triangular at the cost of the
introduction of appropriate nonlocalities. To introduceonly few (respected)nonlocali-
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ties, we take into account a particular observation (already exploited in [24]) about the
structure of Guthrie's recursionoperators of integrablesystems.

2 Preliminaries

Let E be a systemof nonlinear partial di�eren tial equations(PDE)

F l = 0 (1)

on a number of functionsuk in two independent variablesx; y. Hereeach F l is a smooth
function depending on a �nite number of variablesx; y; uk; uk

x ; uk
y ; : : : , uk

I ,. . . , whereI
standsfor a symmetricmultiindex over the two-element setof indicesf x; yg. Besidesthe
local variablesx; y; uk; uk

I , weshall alsoneednon-local variablesor pseudopotentials [40],
which may be introducedas additional variablessatisfying a systemof equations

zi
x = f i ; zi

y = gi ; (2)

wheref i ; gi are functions dependingon a �nite number of local variablesaswell as the
pseudopotentials zj ; we require that the system(2) be compatibleas a consequenceof
(1).

Within their geometrictheory of systemsof PDE's, Krasil'shchik and Vinogradov [15]
introducedthe notion of a covering,which separatesthe invariant content of nonlocality
from its coordinate presentation. Pseudopotentials then correspond to a particular but
arbitrary choiceof coordinates along the �bres of the covering in question. We recall
the basicfacts below; details we had to leaveasidemay be found in [15] and alsoin [16,
Ch. 6]. Readersinterestedmainly in practical computations may skip the rest of this
section.

Let J 1 be an in�nite jet spaceequipped with local jet coordinates x; y, uk ; uk
I ; the

functions F l then may be interpreted as functions de�ned on J 1 . Sinceall our consid-
erationsare local, we simply let J 1 be the spaceof jets of sectionsof the trivial �bred
manifold Y � M ! M , whereM = R2, with x; y being coordinateson R2 and uk being
coordinateson Y. On J 1 , we have two distinguishedcommuting vector �elds

Dx =
@

@x
+

X

k;I

uk
I x

@
@uk

I
; Dy =

@
@y

+
X

k;I

uk
I y

@
@uk

I
;

which are called total derivatives.
The equation manifold E associated with system(1) is de�ned to be the submanifold

in J 1 determinedby the in�nite systemof equationsF l = 0 and D I F l = 0 for I running
through all symmetric multiindices in x; y. The total derivativesD x ; Dy are tangent to
E, thereforethey admit a restriction to E. In what follows, equationswill be identi�ed
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with equationmanifoldsequipped with the restricted total derivatives;this approach is
indeedvery practical and suitable for all needsto be encountered below.

Mappings between equation manifolds that commute with projections to the base
manifold M and preserve the total derivativeswill be called morphismsof equations;
they map solutions to solutions (we shall not use the generalmorphismsof di�eties
which neednot commute with the projections and only preserve the distributions gen-
erated by the total derivatives). Bijectiv e morphisms are called isomorphisms; their
inversesare isomorphisms,too.

A covering over an equation E consistsof another equation E0 and a surjective mor-
phism E0 ! E.

The systemformed by Equation (1) and the 2k additional equations(2) generatesa
covering,whereE0 is the trivial vector bundleE� Rk and z1; : : : ; zk provide coordinates
along Rk . In particular, the projection preserves the coordinates x; y. If f i ; gi are
functions de�ned on E 0 such that the vector �elds

D0
x = Dx +

kX

i =1

f i @
@zi ; D0

y = Dy +
kX

i =1

gi @
@zi (3)

commute (which is a geometricway of saying that Equations (2) are compatible), then
E0equippedwith the vector�elds (3) is a k-dimensionalcoveringoverE. Recallfrom [15]
that every �nite-dimensional covering is locally of this form.

Two coveringsE0 and E00are said to be isomorphic over E if there exists an isomor-
phism of the equationsE0 �= E00that commutes with the projections to E. Isomorphic
coveringsresult from invertible transformationsof nonlocal variables. A k-dimensional
covering is said to be trivial if it is isomorphicto onewith f i = gi = 0; such a covering
is essentially a family of identical copiesof E.

The simplest yet useful covering (2) may be associated with a single nontrivial con-
servation law � = f dx + gdy, i.e., a pair of functions f ; g de�ned on E and satisfying
Dy f = Dxg on E:

De�nition 1 A one-dimensional abelian covering associated with a conservation
law � = f dx + gdy is de�ned to be the trivial vector bundle E� R ! E, equipped with
total derivatives

D0
x = Dx + f

@
@z

; D0
y = Dy + g

@
@z

;

wherez denotesthe coordinate along R.

As f ; g do not depend on z, the vector �elds D 0
x ; D0

y on E0 commute if and only if
Dy f = Dx g. The variable z is called the potential of the conservation law � . We have
D0

xz = f , D0
yz = g or brie
y zx = f , zy = g.
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Recall that a conservation law is said to be trivial if there exists a (local) function h
on E such that f = Dxh, g = Dyh. A covering associated to a trivial conservation law
is isomorphicto a trivial covering through the invertible changeof variablesz = z0+ h.

A covering �E ! E is said to be trivializing for a conservation law � = f dx + gdy,
if the pullback �� of � along the projection �E ! E is a trivial conservation law on �E.
Obviously, the one-dimensionalabelian covering associated with the conservation law
� trivializes � .

A generaln-dimensionalabelian covering is obtained by repeating the construction
of the one-dimensionalabelian covering (cf. [40, Sect. IV]):

De�nition 2 An n-dimensionalcovering eE over E is said to be abelian, if
(1) either n = 1 and eE is a one-dimensionalabelian covering over E in the senseof

De�nition 1;
(2) or eE is a one-dimensionalabelian covering over an (n � 1)-dimensionalabelian

covering E0 over E.

Let us remark that Khorkova [13] introduced the universal abelian covering, which
neednot be �nite-dimensional.

3 Zero-curv ature represen tations

Simplest pseudopotentials that are not potentials are associated with non-degenerate
zero-curvature representations. Let g be a matrix Lie algebra (recall that according
to the Ado theorem every �nite-dimensional Lie algebrahas a matrix representation).
By a g-valued zero-curvature representation(ZCR) for E we meana g-valued one-form
� = A dx + B dt de�ned on E such that

DyA � DxB + [A; B ] = 0 (4)

holdson E, which meansthat (4) holdsasa consequenceof system(1) (we do not insist
that (4) necessarilyreproducessystem(1), which is normally required in integrability
theory).

Let G be the connectedand simply connectedmatrix Lie group associated with g.
Then for an arbitrary G-valued function S, the form � S = AS dx + B S dt, where

AS = Dx SS� 1 + SAS � 1; B S = DySS� 1 + SBS� 1 (5)

is another ZCR, which is said to be gaugeequivalent to the former.
A ZCR is said to be trivial if it is gaugeequivalent to zero, i.e., if A = D xSS� 1,

B = DySS� 1. A covering �E ! E is said to trivialize a ZCR � = A dx + B dy if the
pullback �� of � along the projection �E ! E is a trivial ZCR.

A trivializing covering for the ZCR � can be obtained in the following way.

5



Prop osition 3 For every g-valued ZCR � on E there exists a covering � � : eE� ! E
that trivializes � .

Pro of Let � = A dx + B dy be a ZCR, whereA and B are n � n matricesbelonging
to the algebrag. Put eE� = E � G, whereG is the matrix Lie group associated with g.
Given an element C 2 g, let us denote by � C the right-invariant vector �eld on G
corresponding to C. Given a g-valued function C on E, let us denoteby � C the unique
vector �eld on eE� with the E-component zeroand the G-component equalto � C , at each
point of eE� . Consideringthe vector �elds

eDx = Dx + � A ; eDy = Dy + � B

on eE� , where Dx ; Dy are the total derivatives on E, let us show that eDx ; eDy are the
total derivativesfor a trivializing covering � � : eE� ! E of � .

Let A = (aij ), B = (bij ). Let us �rst considerG = GLn with its natural parametriza-
tion GLn = f (zij ) j detzij 6= 0g. We have

� A =
X

i;j;l

aij zj l
@

@zil
; � B =

X

i;j;l

bij zj l
@

@zil
:

Then eDx ; eDy commute since

[ eDx ; eDy ] = [Dx ; Dy ] + [Dx ; � B ] � [� A ; Dy ] + [� A ; � B ]

= � D x B � D y A� [A;B ]

= 0:

The sameholds for arbitrary G � GLn , sincethe vector �elds � A ; � B are tangent to G
whenever A; B belongto g.

Now denoteby � the projection eE� = E� G ! G viewedasa matrix-valuedfunction
on eE� . Then Dx � = 0 and therefore

( eDx �) �� = (� A �) �� =
X

i;j;l

aij zj l
@

@zil
z�� =

X

j

a�j zj � = (A�) �� :

Thus, eDx � � � � 1 = A and similarly eDy � � � � 1 = B, whencethe pullback of � on eE� is
trivial.

The system (2) corresponding to eE� can be compactly written in terms of a single
matrix � as

� x = A� ; � y = B � : (6)

Under the gaugetransformation (5), the matrix � becomesS�. The coverings eE�

and eE� S are isomorphicvia � 7! S�.
The trivializing covering � � just constructedhasthe following factorization property:
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Prop osition 4 Let p : E0 ! E over M be a trivializing covering for a ZCR � on E.
Then there existsa morphism p] : E0 ! eE� suchthat � � � p] = p.

Pro of Let � = A dx + B dy. Sincep is over M , we have p� � = p� A dx + p� B dy.
By assumption this is a trivial ZCR, whencep� A = D0

xSS� 1 and p� B = D0
ySS� 1

for a suitable G-valued function S on E0. Recall that �bres of the covering eE� are
di�eomorphic to the Lie group G. Thereforewe can de�ne a mapping p] : E0 ! eE� by
the formula � � p] = S, where,as above, � denotesthe projection eE� = E � G ! G.
The mapping p] is a morphism, since(� � p] )x = Sx = AS = A� � p] .

4 Lower triangular ZCR's

Let tn denotethe algebraof matrices
0

B
B
B
B
@

a11 0 � � 0
a21 a22 0 � �
a31 a32 a33 � �
� � � � 0

an1 an2 an3 � ann

1

C
C
C
C
A

: (7)

Denoteby t (k)
n , k � 1, the derived algebraformed by matricessatisfying aij = 0 when-

ever i � j < k.
ZCR's with valuesin tn are, in a sense,equivalent to an abelian covering.

Prop osition 5 Every tn-valued ZCR can be trivialized by meansof an abelian covering
of dimension � 1

2n(n + 1).

Pro of Let � = A dx+ B dy be a ZCR such that matricesA and B are lower triangular.
We shall construct an abelian covering E(n� 1) in n steps.

It follows from Equation (4) that 
 1 = a11 dx + b11 dy, 
 2 = a22 dx + b22 dy, . . . ,

 n = ann dx + bnn dy areconservation laws. Let us denoteby E(0) the associated abelian
covering with potentials h1; : : : ; hn satisfying

hi;x = aii ; hi;y = bii for i = 1; : : : ; n:

Then

H =

0

B
B
B
B
@

e� h1 0 0 � 0
0 e� h2 0 � 0
0 0 e� h3 � 0
� � � � �
0 0 0 � e� hn

1

C
C
C
C
A

;
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is a matrix de�ned on E(0) , with the property that all diagonal entries of the gauge
equivalent matrix A0 = AH vanish:

A0 =

0

B
B
B
B
@

0 � � 0 0
a0

21 0 � � 0
a0

31 a0
32 0 � �

� � � � �
a0

n1 a0
n2 � a0

n;n � 1 0

1

C
C
C
C
A

; (8)

and similarly for B 0. Hence,A0; B 0 take valuesin t (1)
n .

By the same Equation (4), 
 0
2 = a0

21 dx + b0
21 dy, 
 0

3 = a0
32 dx + b0

32 dy, . . . , 
 0
n =

a0
n� 1;n dx + b0

n� 1;n dy are conservation laws on E(0) . Let us introducea covering E0 over
E(0) with potentials h0

2; : : : ; h0
n satisfying

h0
i;x = a0

i;i � 1; h0
i;y = b0

i;i � 1 for i = 2; : : : ; n:

Denoting

H 0 =

0

B
B
B
B
@

1 0 � 0 0
� h0

2 1 � � 0
0 � h0

3 1 � �
� � � � �
0 � 0 � h0

n 1

1

C
C
C
C
A

;

we seethat the gaugeequivalent matricesA00= A0H 0
and B 00= B 0H 0

take valuesin t (2)
n

now. Comparedwith (8), A00and B 00have one more subdiagonal of zeroes. The next
step is similar: 
 00

3 = a00
31 dx + b00

31 dy, 
 00
4 = a00

42 dx + b00
42 dy, . . . , 
 00

n = a00
n� 2;n dx + b00

n� 2;n dy
are conservation laws on E0. Let us introduce a covering E00 over E0 with potentials
h00

2; : : : ; h00
n satisfying

h00
i;x = a00

i;i � 2; h00
i;y = b00

i;i � 2 for i = 3; : : : ; n:

Denoting

H 00=

0

B
B
B
B
B
B
@

1 0 � 0 0 0
0 1 � � 0 0

� h00
3 0 1 � � 0

0 � h00
4 0 1 � �

� � � � � �
0 � 0 � h00

n 0 1

1

C
C
C
C
C
C
A

we observe that A000= A00H 00
, B 000= B 00H 00

take values in t (3)
n , and so on. Continuing

the processuntil A (n), B (n) becomezero, we end up with a sequenceof 1
2n(n + 1)
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conservation laws

 1 
 2 
 3 : : : 
 n


 0
2 
 0

3 : : : 
 0
n


 00
3 : : : 
 00

n
: : :


 (n� 2)
n� 1 
 (n� 2)

n


 (n� 1)
n ;

(9)

where(a) 
 1; : : : ; 
 n are conservation laws on E; (b) 
 (n� � )
n� �+1 ; : : : ; 
 (n� � )

n are conservation
laws de�ned on the abelian covering E(n� � � 1) associated with the conservation laws of
all the previouslevels.

Finally, � H H 0���H ( n � 1)
= � (n) = 0, whereeach H (� ) is de�ned on E(� ) . Summingup, the

covering E(n� 1) trivializes � .

The sequence(9) will be called an n-fold chain of conservationlaws.

Prop osition 6 Let � be a tn-valued ZCR, then the associated covering� � is isomorphic
to an abelian covering of dimension � 1

2n(n + 1).

Pro of According to Proposition 5, there is an abelian covering p : E(n� 1) ! E that
is trivializing for � ; namely, we have � K = 0, whereK = H H 0� � � H (n� 1) (seeproof of
Proposition 5). Hence,� = 0K � 1

and, accordingto Proposition 4, there is a morphism
p] : E(n� 1) ! eE� , givenby � = K � 1. Here� represents the totalit y of coordinatesalong
the �bres of the covering eE� , while K is parametrisedby coordinatesh(� )

s alongthe �bres
of the covering E(n� 1) . It follows that p] is bijective on the �bres, henceisomorphism.

5 Reducibilit y

A g-valued ZCR is said to be reducibleif it is gaugeequivalent to a ZCR taking values
in a proper subalgebrah � g; otherwiseit is said to be irr educible.

Let h � g be a subalgebra.We present a simplecriterion for reducibilit y of a g-valued
ZCR to h. Let H � G be the Lie subgroupcorresponding to the subalgebrah. We call
H a right factor if there exists a submanifoldK � G (possiblywith singularities) such
that the multiplication map

� : K � H ! G; (K ; H ) 7! K H (10)

is a surjective local di�eomorphism. The manifold K will be called a cofactor. By
surjectivit y, every element S 2 G can be decomposedas a product S = K H , where
K 2 K and H 2 H, possibly non-uniquely. The map � being a local di�eomorphism,
K hasthe minimal possibledimensiondim K = dim G� dim H. If H is closed,then the
assignment K 7! K H de�nes a local di�eomorphism of K onto the homogeneousspace
G=H.

9



Prop osition 7 Under the above notation, a g-valued ZCR � on E is reducibleto the
subalgebra h if and only if there exists a local K-valued matrix function K on E such
that � K lies in h.

Pro of The gaugeequivalencewith respect to H 2 H preserves the subalgebrah.
Therefore,the gauge-equivalent ZCR � S = (� K )H lies in h if and only if � K lies in h.

Otherwisesaid, if a ZCR is reducible to h, then the corresponding gaugematrix can
be found in K. Understandably, di�eren t choicesof the cofactorK may leadto di�eren t
reducibilit y criteria.

In this paper we are primarily interestedin detecting reducibilit y to a solvable sub-
algebra. By the well-known Lie theorem([9, Sect.9.2]), every �nite-dimensional repre-
sentation of a solvable Lie algebrais equivalent to a representation by lower triangular
matrices. Hence,every ZCR reducible to a solvable subalgebrais reducible to t n (and
can be trivialized using an abelian covering accordingto Proposition 5).

Let us thereforeapply Proposition 7 to h = tn . There are two standard ways to make
tn a right factor in gln .

The QR or Gram decomp osition is an alternative formulation of the famous
Gram{Schmidt ortogonalizationalgorithm. Namely, every n � n complexmatrix A can
be decomposedas a product A = QR, where Q 2 SUn and R 2 tn [25, Ch. 6, Sect.
1.9]. Proposition 7 then yields

Prop osition 8 A real (complex) ZCR � on E is reducible to lower triangular if and
only if there existsan SOn -valued (SUn -valued) function K on E suchthat � K is lower
triangular.

However, the factors Q and R are unique up to a unimodular diagonal multiplier:
QR = Q� � � � 1R, where � = diag(� 1; : : : ; � n ) 2 S(U1 � � � � � U1), i.e., j� � j = 1 andQ n

�=1 � � = 1. Thus, the mapping(10) is not a local di�eomorphism unlessit is restricted
to a suitable immersionof the orbit spaceSUn=S(U1 � � � � � U1) into SUn . In the real
casewehave� � = � 1 and weget a 2n� 1-to-onelocal di�eomorphism (10) with K = SOn .

The LU or Gauss decomp osition can be derived from the Gaussianelimination
algorithm. The following result is well known ([25, Ch. 6, Sect. 1.8]):

Prop osition 9 For everynon-singularmatrix A there exist matricesP; U;L suchthat
A = PUL, L is lower triangular, U is upper triangular with diagonalentries equal to 1,
and P is a permutation matrix. The matrix P can be omitted if and only if all principal
minors of the matrix A are nonzero.
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(Recall that Gaussianelimination may require row swapping, which is where the
permutation matrix P comesfrom.) Let K denote the set of all products PU where
P is a permutation matrix and U is an upper triangular matrix with diagonal entries
equalto 1. Then K is a union of n! intersectingsubmanifolds,labelled by permutation
matricesP. Comparedto the QR-decomposition, each of the n! submanifoldsis easier
to parametrizethan SO or SU.

Prop osition 10 A ZCR � on E is reducible to lower triangular if and only if there
existsa permutation matrix P and a matrix-valued function

H =

0

B
B
B
B
@

1 h12 h13 � �
0 1 h23 � �
0 0 1 � �
� � � � �
0 � � 0 1

1

C
C
C
C
A

(11)

on E suchthat � P H is lower triangular.

Beforelooking morecloselyat low valuesof n, we make a generalremark to the e�ect
that every gln -valued ZCR is reducible to sln :

Remark 11 A gln -valuedZCR is decomposableinto an sln -valuedZCR (tracelesssum-
mand) and a conservation law (the trace).

5.1 The case of n = 2

When n = 2, the reducibilit y condition corresponding to the QR decomposition is:

Prop osition 12 A gl2-valued ZCR

� = A dx + B dy =
�

a11 a12

a21 a22

�
dx +

�
b11 b12

b21 b22

�
dy

is reducibleto lower triangular if and only if there exists a function � on E that is a
solution of the system

Dx � = � a12 cos2 � + (a11 � a22) sin� cos� + a21 sin2 �;

Dy � = � b12 cos2 � + (b11 � b22) sin� cos� + b21 sin2 �:
(12)
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Pro of An arbitrary SO2 matrix is

K =
�

cos� sin�
� sin� cos�

�
:

By Proposition 8, the ZCR � is reducibleto lower triangular if and only if � K is lower
triangular, which is exactly the meaningof conditions (12).

The reducibilit y conditions corresponding to the LU decomposition are:

Prop osition 13 A gl2-valued ZCR

� = A dx + B dy =
�

a11 a12

a21 a22

�
dx +

�
b11 b12

b21 b22

�
dy

on E is reducibleto lower triangular if and only if
1. either there existsa local function p on E suchthat

Dxp = � a12 + (a11 � a22)p + a21p2;

Dyp = � b12 + (b11 � b22)p + b21p2;
(13)

2. or A; B are upper triangular:

a21 = b21 = 0:

Pro of An arbitrary K-valued function is K = PU, where

U =
�

1 p
0 1

�

and P is oneof the two 2 � 2 permutation matrices

P12 =
�

1 0
0 1

�
; P21 =

�
0 1
1 0

�
:

Subcases1 and 2 correspond to the choicesP = P12 and P = P21, respectively, and
expressthe conditions that AP U , B P U be lower triangular.

Recall that a quadratic or Riccati pseudopotential p associated to an gl2-valued ZCR
� is de�ned by the compatiblesystem

px = � a12 + (a11 � a22)p + a21p2;

py = � b12 + (b11 � b22)p + b21p2;
(14)

which areessentially Equations(13). The system(14) beingcompatible,let usintroduce
the corresponding one-dimensionalRiccati covering. Proposition 13 then says that a
non-upper-triangular ZCR is reducible to lower triangular if and only if the Riccati
covering hasa local section.
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Remark 14 Obviously, Equations(13) and (12) arenot independent, the explicit map-
ping of their solutionsbeingp = tan � for � 6= (2k + 1)� =2. Recently Reyes[30] pointed
out a geometricinterpretation of the samecorrespondencein terms of pseudospherical
equations.

Example 15 The Burgers equation ut = uxx + uux is well known to be integrable
via the Cole{Hopf transformation, which relates its solutions with those of the heat
equation [1, Sect. 3.1]. Of the several Lax pairs that have been found all turn out
to be degenerate. Let us considerone example [26, 42], where the lower triangular
representation could not be obtained by purely Lie algebraicmethods:

� =
�

0 1
� 1

4ux + 1
16(u + � )2 0

�
dx

+
�

� 1
4ux

1
2(u � � )

� 1
4uxx � 1

8(u � � )ux + 1
32(u � � )(u + � )2 1

4ux

�
dt

In this case,Equations (13) have a local solution p = 4=(u + � ), hence
�

1 4=(u + � )
0 1

�

is a gaugematrix to make the ZCR � lower triangular.

That the Burgersequationhasno irreducible gl2-valued ZCR follows from the recent
classi�cation of second-orderevolution equationspossessingan sl2-valuedZCR [23] and
Remark 11. The non-existenceof an irreducible ZCR of Wahlquist{Estabrook type for
arbitrary n wasprovedDodd andFordy [8] who establishedsolvabilit y of the Wahlquist{
Estabrook prolongation algebraof the Burgers (and alsoof the Kaup) equation.

Example 16 The Calogero{Nucciexample[3] of a ZCR that existsfor every equation
possessinga conservation law f t = gx :

0

@
0 1

�
f x

f
+ �f 2 + � �f � � 2 f x

f
+ �f � 2�

1

A dx

+

0

@
�

g
f

+ �
g
f

� gx

f
+ �f g + � �g � � 2 g

f
gx

f
+ �g � �

g
f

+ �

1

A dy

(15)

where � ; �; �; � are arbitrary constants. This ZCR is reducible, which follows from
Proposition 13 along with explicit formulas for its reduction. Indeed,we have Subcase
1 again and oneeasily �nds a local solution

p =
1
2

(� +
p

� 2 + 4� )f � 2�
�f 2 + � �f � � 2

13



of Equations (13). Hence,the above ZCR is reducible to lower triangular.
Continuing the reduction further, one�nally arrivesat an abeliansubalgebra.Namely,

if p is as above and

q =
�f 2 + � �f � � 2

p
� 2 + 4� f

;

r =
(�f 2 + � �f � � 2)

�
2�f + (� �

p
� 2 + 4� )�

�

2�f + (� +
p

� 2 + 4� )�
;

then the product of gaugematrices
� p

r=f 0
0 1=

p
r

� �
1 0
q 1

� �
1 p
0 1

�

takesthe ZCR to the diagonal form
�

1
2(� �

p
� 2 + 4� )f � � 0

0 1
2(� +

p
� 2 + 4� )f � �

�
dx

+
�

1
2(� �

p
� 2 + 4� )g + � 0

0 1
2(� +

p
� 2 + 4� )g + �

�
dy;

which is manifestly equivalent to the conservation law f dx + gdt.

5.2 The case of n � 3

For n � 3, the QR approach is impractical due to relative clumsinessof the parametri-
sation of SOn by generalizedEuler angles.On the other hand, the LU criteria comeout
subdivided into asmuch asn! subcases,onefor each of the n! permutation matricesP.

For every n, the caseof generalposition occurswhenall principal minorsof the gauge
matrix K are nonzero.Then the permutation matrix P equalsthe identit y matrix and
we can derive explicit formulas that generalize(13) to arbitrary n.

Prop osition 17 A gln-valued ZCR � = A dx+ B dy, where A = (aij ) and B = (bij ), is
reducibleto lower triangular by means of a gaugematrix with nonzero principal minors

14



if and only if the system

Dx pkl = �
X

0� r � n� 1
i 0<i 1 < ��� <i r = l

(� 1)r aki 0pi 0 i 1pi 1 i 2 : : : pi r � 1 i r

�
X

0� r � n� 1
k<j
i 0<i 1 < ��� <i r = l

(� 1)r pkj aj i 0pi 0 i 1pi 1 i 2 : : : pi r � 1 i r ;

Dypkl = �
X

0� r � n� 1
i 0<i 1 < ��� <i r = l

(� 1)r bki 0pi 0 i 1 pi 1 i 2 : : : pi r � 1 i r

�
X

0� r � n� 1
k<j
i 0<i 1 < ��� <i r = l

(� 1)r pkj bj i 0pi 0 i 1pi 1 i 2 : : : pi r � 1 i r

(16)

on 1
2(n � 1)n unknownfunctions pkl , k < l , hasa local solution.

Pro of Accordingto Proposition 9, every gaugematrix S with nonzeroprincipal minors
decomposesas S = LU , with L lower triangular and

U =

0

B
B
B
B
B
@

1 p12 p13 : : : p1n

0 1 p23 : : : p2n

0 0 1 : : : p3n
...

...
...

...
0 0 0 : : : 1

1

C
C
C
C
C
A

:

The inverseof U is

U� 1 =

0

B
B
B
B
B
@

1 q12 q13 : : : q1n

0 1 q23 : : : q2n

0 0 1 : : : q3n
...

...
...

...
0 0 0 : : : 1

1

C
C
C
C
C
A

;
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where

qij =
X

1� r � n� 1
i= i 0 <i 1< ��� <i r = j

(� 1)r pi 0 i 1 pi 1 i 2 : : : pi r � 1 i r

= (� 1)i + j

�
�
�
�
�
�
�
�
�
�
�
�

pi;i +1 pi;i +2 � � pi;j � 1 pi;j

1 pi +1 ;i +2 pi +1 ;i +3 � � pi +1 ;j

0 1 pi +2 ;i +3 pi +2 ;i +4 � �
� � 1 � � �
0 � � � pj � 2;j � 1 pj � 2;j

0 0 � � 1 pj � 1;j

�
�
�
�
�
�
�
�
�
�
�
�

;

sinceqkl +
P

k<i<l pki qil + pkl = 0 whenever k < l. Let us considerthe gaugeequivalent
matrix AU = UxU� 1 + UAU � 1. Terms that contain total derivativesDx pij can occur
only in the �rst summand,which is

UxU� 1 =

0

B
B
B
B
B
@

0 z12 z13 : : : z1n

0 0 z23 : : : z2n

0 0 0 : : : z3n
...

...
...

...
0 0 0 : : : 0

1

C
C
C
C
C
A

;

where

zkl =
X

1� r � n� 1
k= i 0 <i 1< ��� <i r = l

(� 1)r � 1Dxpi 0 i 1 � pi 1 i 2 : : : pi r � 1 i r

= (� 1)k+ l+1

�
�
�
�
�
�
�
�
�
�

Dx pk;k+1 Dx pk;k+2 � Dxpk;l � 1 Dx pk;l

1 pk+1 ;k+2 pk+1 ;k+3 � pk+1 ;l

0 1 pk+2 ;k+3 � �
� � � � �
0 0 � 1 pl � 1;l

�
�
�
�
�
�
�
�
�
�

for all k < l . Denoting AU =: A0 = (a0
ij ), we have

a0
kl := zkl + akl +

X

j <l

akj qj l +
X

k<ij <l

pki aij qj l +
X

k<i

pki ail :

The condition of A0 being lower triangular, a0
kl = 0 for all k < l , constitutes a system

of equationsin total derivativesD xpij . The equivalent systemresolved with respect to
the derivativesis a0

kl +
P

k<h<l a0
khphl = 0, sincederivativesoccur only in the summands

containing zij , which are zkl +
P

k<h<l zkhphl = Dxpkl . The remaining summandsthen
simplify to the expressionsgiven in the statement of the proposition.
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5.3 The generalized Riccati covering

A tedious computation shows that Equations (16) are compatible, meaningthat there
are no integrability conditions resulting from the equalities D xy pkl = Dyx pkl . This
implies the existenceof a covering associated with a ZCR which naturally generalizes
the Riccati covering. Similar result holds for more generaltypesof decomposition, too.

Let a subalgebrak � g be a direct complement to the subalgebrah � g considered
throughout this section. Let prk : g ! k be the corresponding projection. Then the
condition � K 2 h (Proposition 7) can be equivalently written as prk�

K = 0.
Denoting by K the Lie connectedand simply connectedmatrix Lie group associated

with the subalgebrak, we have

Prop osition 18 Under the abovenotation, the di�er ential equations

prk(K xK � 1 + K AK � 1) = 0;

prk(K yK � 1 + K BK � 1) = 0
(17)

on a matrix K 2 K are compatible.

Pro of SinceK 2 K, matricesK x K � 1; K yK � 1 belongto k and are mapped identically
under the projection prk. HenceEquations (17) are di�eren tial equationson K and,
moreover, can be resolved with respect to K x ; K y . Let us considertheir derivatives

0 = Dyprk(K x K � 1 + K AK � 1)

= prk(K xy K � 1 � K BAK � 1 + K AyK � 1);

0 = Dxprk(K yK � 1 + K BK � 1)

= prk(K yx K � 1 � K AB K � 1 + K BxK � 1);

where we have made substitutions prkK xK � 1 ; � prkK AK � 1 and prkK yK � 1 ;
� prkK BK � 1 accordingto (17). Theseequationscan also be resolved with respect to
K xy and K yx , respectively. Now onecanperform the standardcheck that K xy coincides
with K yx :

prk(K xy � K yx )K � 1 = prk(Ay � Bx + AB � BA) = 0:

De�nition 19 Given a ZCR � of an equation E and the decomposition g = h + k as
above, we de�ne the associated generalized Riccati covering as E � K ! E, assuming
that the corresponding matrix of pseudopotentials K 2 K satis�es Equations (17).

Summingup, we obtain:
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Corollary 20 A gln-valued ZCR � is reducibleto lower triangular by meansof a gauge
matrix from K if and only if the generalized Riccati coveringassociated with the decom-
position gln = tn + k hasa local section.

Choosingk to be the Lie algebraof strictly upper triangular matrices,we have:

Corollary 21 A gln-valued ZCR � is reducibleto lower triangular by meansof a gauge
matrix with nonzero principal minors if and only if there exists a local solution to
Equations(16).

6 Guthrie's form ulation of recursion operators

In 1994,G.A. Guthrie [11] suggesteda generalde�nition of a recursionoperator, free
of someweaknessesof the then standard de�nition in terms of integro-di�erential op-
erators. Geometrically, Guthrie's recursionoperator for an equation E is a B•acklund
autotransformation for the linearizedequationVE ([22]).

In geometricalterms, the linearization VE can be introduced as the vertical vector
bundle VE ! E with respect to the projection E ! M on the basemanifold.

At the level of systemsof PDE, the linearizedsystemis

F l = 0; `F l [U] = 0; (18)

where
`F [U] =

X

k;I

@F
@uk

I

Uk
I (19)

(cf. the Fr�echet derivative [28]), where Uk are coordinates along the �bres of the
projection VE ! E and serveasadditional dependent variables(`velocities' of the uk 's).
We assumesummation over all k; I such that the functions F l depend on uk

I .
MorphismsE ! VE that are sectionsof the bundle VE ! E are in one-to-onecorre-

spondencewith local symmetriesof the equation E. Recall that nonlocal symmetries
(more precisely, their shadows[15]) correspond to morphisms eE ! VE over E, where
eE is a covering of the original equation. In full generality, Guthrie's de�nition includes
such a covering.

Let us denote by fVE ! eE the pullback of the vertical bundle VE ! E along the
covering projection eE ! E. Then nonlocal symmetriescorrespond to morphisms eE !
fVE that are sectionsof the projection fVE ! eE. In coordinates, if the covering eE is
determinedby equationszj

x = f j , zj
y = gj , then its linearization fVE correspondsto the

system
F l = 0; zj

x = f j ; zj
y = gj ; `F l [U] = 0: (20)
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De�nition 22 ([11]) A recursion operator for the system(1) consistingof equations
F l = 0, l = 1; : : : ; s, is given by the following data:

(1) a gln -valued zero-curvature representation �� = �A dx + �B dy for eE;
(2) two n-vector-valued functions A � = (A j

� ), B � = (B j
� ) on fVE linear on the �bres

(i.e., linear in the variablesUk
I ) and satisfying

(Dy � �B )A � = (Dx � �A)B � ; (21)

(3) an s � n-matrix-valued function �C on eE;
(4) an s-vector-valued function C� on fVE linear on the �bres (i.e., linear in the

variablesUk
I ).

The following condition is supposed to hold: If U = (Uk ) satis�es the linearized
equation fVE, then sodoesU0 = L(U), whereL(U) l = �C l

j W
j + C l

� and W j , j = 1; : : : ; n,
are nonlocal variablesof the covering

W j
x = �A j

i W
i + A j

� ; W j
y = �B j

i W i + B j
� ; (22)

The recursionoperator de�ned by thesedata will be denotedas LK � 1.

Once �� is a ZCR and (21) holds, Equations (22) determine a covering; see [11,
Eq. (3.2)].

Recursionoperators exhibit the following form of gaugeinvariance: If S is a function
on E with valuesin GL(n), then the data

�A0 = �AS = eDxSS� 1 + S �AS� 1; A0
� = SA � ;

�B 0 = �B S = eDySS� 1 + S �BS� 1; B 0
� = SB � ; (23)

�C0 = �CS� 1; C0
� = C�

(we assumematrix operations) determine the samerecursion operator as a mapping
U 7! U0.

Remark 23 One can put the de�nitions in a more compact form. Let us consider
(1 + n) � (1 + n) matrices

Â =

0

B
B
@

0 0

A �
�A

1

C
C
A ; B̂ =

0

B
B
@

0 0

B �
�B

1

C
C
A : (24)

Then
�̂ = Â dx + B̂ dy
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is a ZCR for fVE; this follows easily from formulas (21). Moreover, let us introducethe
s � (1 + n)-matrix

Ĉ =

0

@C�
�C

1

A :

Then the above formulas (23) of gaugeinvarianceassumethe compact form

Â0 = Â Ŝ = eDx ŜŜ� 1 + ŜÂŜ� 1;

B̂ 0 = B̂ Ŝ = eDyŜŜ� 1 + ŜB̂ Ŝ� 1; (25)

Ĉ0 = ĈŜ� 1

where

Ŝ =

0

B
B
@

1 0

0 S

1

C
C
A :

It is even possibleto de�ne a generalizedrecursion operator of the system (1) as
consistingof a glN -valued zero-curvature representation �̂ = Â dx + B̂ dy for fVE along
with an s � N -matrix-valued function Ĉ on fVE, subject to the following condition: If

Ŵ j
x = Â j

i Ŵ
i ; Ŵ j

y = B̂ j
i Ŵ i ; (26)

then U0l = Ĉ l
j Ŵ

j satis�es the linearizedequation fVE.
For Â; B̂ given by formulas (24), the correspondencebetweenŴ and W is

Ŵ =

0

B
B
@





 W

1

C
C
A ;

where 
 satis�es eDx 
 = eDy 
 = 0. With Ŝ being an arbitrary matrix, formulas (25)
de�ne a generalizedgaugeinvarianceof generalizedrecursionoperators.

Coverings (22) with �� = 0 are associated with conservation laws, since for them
Eq. (21) readsDyA � = DxB � . Examplesare provided by recursionoperators that can
be written in the traditional integro-di�erential form ([27])

U0l =
rX

i =0

Rli
k D i

x Uk + C l
j D

� 1
x pj

kUk :
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Upon the obvious identi�cation D I
xUk = Uk

I and introduction of nonlocal variables
W j = D � 1

x pj
kUk , the Guthrie form of this operator is

W j
x = pj I

k Uk
I ;

W j
y = qj I

k Uk
I ;

U0l = C l
j W

j + RlI
k Uk

I ;

wherepj I
k Uk

I dx+ qj I
k Uk

I dy is a conservation law of the linearizedequationVE (typically
a linearizedconservation law of the equationE; [22]).

Example 24 The Lenard recursionoperator D xx + 4u + 2uxD � 1
x for the KdV equation

ut = uxxx + 6uux has the following Guthrie form (with eE = E and fVE = VE):

Wx = U;

Wt = Uxx + 6uU; (27)
U0 = Uxx + 4uU + 2uxW:

Indeed, if U satis�es the linearizedequationVE, i.e.,

Ut = Uxxx + 6uUx + 6uxU; (28)

then so doesU0 (for the sameu).
HereW is a potential of the conservation law U dx + (Uxx + 6uU) dt of VE, which is

a linearization of the conservation law u dx + (uxx + 3u2) dt of E.

6.1 In version of recursion operators

A recursion operator is said to be invertible if the morphism L of De�nition 22 is
a covering. The recursion operator LK � 1 is then simply a pair of linear coverings
K ; L : R ! fVE, its inversebeingthe recursionoperator K L � 1. Noninvertible recursion
operators do exist, seeRemark 27(2).

Oneimmediately seesthat a recursionoperator and its inversearebuilt upon oneand
the samecovering eE. In practiceusually eE = E (hencethe covering eE is almost obsolete
in De�nition 22); however, onecansimplify the ZCR �� with the aid of a suitably chosen
covering. Namely, given a recursionoperator

R
K
. &

L

VE VE
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associated with a ZCR �� , the obvious pullback along a covering p : eE ! E yields a
recursionoperator

p� R
p� K

. &
p� L

fVE = p� VE p� VE = fVE;

which is associated with the pullback p� �� .
For instance, let eE ! E be the trivializing covering for �� . Then, after suitable

transformation (23), we have p� �� = 0, whencethe recursionoperator becomesintegro-
di�eren tial of �rst order in D � 1. Hencea possibleway of conversionof recursionopera-
tors from Guthrie's to Olver's form, mentioned in the Introduction. This approach was
usedin the work by Guthrie and Hickman [12] who, by usingformal power seriesin the
spectral parameter� , wereableto describe largealgebrasof nonlocal symmetriesof the
KdV equation resulting from iterated application of the inverserecursionoperator.

Alternativ ely, eE ! E can be a covering such that p� �� is strictly lower triangular
(belongsto t (1) ). Then the covering (22) will be abelian by a similar argument as in
Proposition 5 and the recursionoperator will be integro-di�erential of order � s in D � 1.

Let us now turn back to recursionoperators LK � 1 with a generalcovering �� . One
usually observesthat for systemsE integrablein the senseof soliton theory the covering
K is of a very special form, which is described in the following proposition:

Prop osition 25 Let � = A dx+ B dy be a g-valued ZCR of equationE. Then the trivial
vector bundle g � VE ! VE carries a covering structure determined by the condition
that an arbitrary elementW of the Lie algebra g be subject to equations

Wx = [A; W] + `A [U]; Wy = [B ; W] + `B [U]: (29)

Otherwisesaid, the associated ZCR �� coincideswith the adjoint representation of the
ZCR � , while A � = `A [U], B � = `B [U].

Pro of The validit y of formulas (21) follows from the fact that A 7! `A [U] is a di�er-
entiation.

Taking account of the last proposition, we arrive at the following construction, which
converts a recursionoperator from Guthrie's form to Olver's form provided the covering
K is of the type (29).

Construction 26 Step 1. Construct the generalizedRiccati covering (De�nition 19)
E0 over E such that � 0 := � H is lower triangular, whereH is the matrix (11).

Step 2. Let a0
ii , b0

ii be the diagonalentries of the lower triangular matricesAH , B H ,
respectively. Then a0

ii dx + b0
ii dy are conservation laws; if they are nontrivial, then

construct the abelian covering E00over E0 with the corresponding potentials zi .

22



Step 3. Compute S = ZH , whereZ is the diagonal matrix diag(e� zi ). Obviously,
� 00:= � S is then strictly lower triangular, and so is its adjoint representation

� 00= ��
�S;

where �S is the imageof S in the adjoint representation of the group G. The x-part of
the resulting recursionoperator given by formulas (23) will be expressiblein terms of
inversetotal derivativesD � 1

x .
Step 4 (optional). Let us considerthe compact form (24) of the recursionoperator,

which now takesvaluesin the algebra t (1)
n+1 of strictly lower triangular matrices of di-

mensionn + 1. Choosing appropriately a lower triangular gaugematrix Ŝ with units
on the diagonal,onecan, in principle, further simplify the formulas.

If omitting Step 2, the recursion operator will be expressiblein terms of inverses
(Dx � a0

ii )
� 1.

Remark 27 (1) Let R be a conventional recursionoperator of an integrable system,
let id denote the identit y map. As a rule, the inverserecursionoperator (R + � id) � 1

in the Guthrie form includesa � -dependent ZCR �� . The parameter � can be usually
identi�ed with the spectral parameterof the standard ZCR of the system.

(2) Let usrecall that the formulas(29) canserveasa starting point of a method to �nd
the inverserecursionoperator of an integrablesystemwithout �nding the conventional
recursion operator �rst. One simply computes all morphisms R ! VE, where R
is the covering determined by (29). Recently the procedurehas been applied to the
stationary Nizhnik{V eselov{Novikov equation, see[24]. Remarkably enough, the so
obtained recursion operator turned out to be noninvertible for the zero value of the
spectral parameter� . Two examplesof such computation can be found below.

7 Examples

Example 28 Continuing Example 24, let us invert the Lenard operator. The result is,
of course,well known (Guthrie and Hickman [12], Lou [20, 21]).

Instead of tedious inversion of the operator given by formulas (27) and (28), we
computeit from scratch. We start with the standard sl2-valued ZCR

� =
�

0 u
� 1 0

�
dx +

�
ux uxx + 2u

� 2u � ux

�
dy

of the KdV equationwith the spectral parameterset to zero. Using (22) and (29) with
sl2 parametrizedas �

Q P
R � Q

�
;
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we get the following formulas for the covering K :
0

@
P
Q
R

1

A

x

=

0

@
0 � 2u 0
1 0 u
0 � 2 0

1

A

0

@
P
Q
R

1

A +

0

@
U
0
0

1

A ;

0

@
P
Q
R

1

A

t

=

0

@
2ux � 2uxx � 4u2 0
2u 0 uxx + 2u2

0 � 4u � 2ux

1

A

0

@
P
Q
R

1

A +

0

@
Uxx + 4uU

Ux

� 2U

1

A :

Here U denotesa symmetry of the KdV equation, i.e., satis�es the linearized KdV
equation (28). Then one easily �nds that U0 = Q satis�es the samelinearized KdV
equation (28) as well, i.e., yields a recursion operator for the KdV equation. It is a
matter of routine to check that this operator is the inverseof the Lenard operator.
Moreover, it follows that K : R ! VE, originally given by U = U0

xx + 4uU0 + 2uxW,
constitutes a three-dimensionalcovering (with nonlocal variablesU;Ux and W).

According to Construction 26, to expressthe inverserecursionoperator in terms of
D � 1

x , all we needis to make the ZCR �� strictly lower triangular. As the �rst step we
build up a covering E0 ! E with the quadratic pseudopotential h = h11 de�ned by
Eq. (14), i.e.,

hx = � h2 � u;

ht = � 2uh2 + 2uxh � uxx � 2u2:

Then, using the gaugematrix

H =
�

1 h
0 1

�
;

we get the lower triangular ZCR

� 0 = � H =
�

� h 0
� 1 h

�
dx +

�
ux � 2uh 0

� 2u � ux + 2uh

�
dy

with � h; h on the diagonal. As the secondstep, we construct the abelian covering
E00! E0 with the potential z satisfying

zx = � h; zy = ux � 2uh:

The gaugematrix

Z =
�

e� z 0
0 ez

�

then givesthe strictly lower triangular ZCR

� 00= � Z H =
�

0 0
� e2z 0

�
dx +

�
0 0

� 2e2zu 0

�
dy:
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In the third step, we combine the above gaugematrices into one and compute its
adjoint representation:

S =
�

e� z he� z

0 ez

�
; �S =

0

@
e� 2z � 2he� 2z � h2e� 2z

0 1 h
0 0 e2z

1

A :

Acting by �S on our operator, we get
0

@
P
Q
R

1

A

x

=

0

@
0 0 0

e2z 0 0
0 � 2e2z 0

1

A

0

@
P
Q
R

1

A +

0

@
e� 2zU0

0
0

1

A ;

0

@
P
Q
R

1

A

t

=

0

@
0 0 0

2ue2z 0 0
0 � 4ue2z 0

1

A

0

@
P
Q
R

1

A

+

0

@
e� 2zU0

xx � 2e� 2zhU0
x + (2h2 + 4u)e� 2zU0

U0
x � 2hU0

� 2e2zU0

1

A ;

U = Q � he� 2zR:

Rewritting the x-part in termsof inversetotal derivativesD � 1, weget P = D � 1(e� 2zU),
Q = D � 1(e2zP), R = � 2D � 1(e� 2zQ), hence

U = D � 1e2zD � 1e� 2zU � he� 2zD � 1e� 2zD � 1e2zD � 1e� 2zU:

This is the well-known result [12, 20, 21], sinceU0 = Q � he� 2zR = � 1
2Dx (R=h2) and

zxx = z2
x + u.

The optional fourth step doesnot bring any signi�cant improvement.

Example 29 Let us considerthe Tzitz �eicaequation [38]

uxy = eu � e� 2u ;

later rediscoveredas a member of the Zhiber{Shabat classi�cation [45]. Its ZCR

� =

0

@
� ux 0 �

� ux 0
0 � 0

1

A dx +

0

@
0 e� 2u=� 0
0 0 eu=�

eu=� 0 0

1

A dy (30)

as well as the B•acklund transformation wereessentially found by Tzitz �eicahimself.
One could invert the known recursionoperator [36], but it is easierto compute the

inverserecursionoperator directly by the procedureoutlined in Remark 27(2). Namely,
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we considerthe eight-dimensionalcovering (29), where �A; �B ; A � and B � are found from
the formula (30) to be

�A =

0

B
B
B
B
B
B
B
B
B
B
@

0 � � 0 0 0 0 � 0
0 � 2ux � � 0 0 0 0 �

� 2� 0 � ux 0 � � 0 0 0
� 0 0 2ux � � 0 0 0
0 � 0 0 0 � � 0 0
0 0 � � � 0 ux 0 0
0 0 0 � 0 0 ux � �
� 0 0 0 2� 0 0 � ux

1

C
C
C
C
C
C
C
C
C
C
A

;

�B =

0

B
B
B
B
B
B
B
B
B
B
@

0 0 � eu=� e� 2u=� 0 0 0 0
� e� 2u� 0 0 0 e� 2u=� 0 0 0

0 � eu=� 0 0 0 e� 2u=� 0 0
0 0 0 0 0 � eu=� eu=� 0
0 0 0 � e� 2u=� 0 0 0 eu=�

� eu=� 0 0 0 � 2eu=� 0 0 0
2eu=� 0 0 0 eu=� 0 0 0

0 eu=� 0 0 0 0 � e� 2u=� 0

1

C
C
C
C
C
C
C
C
C
C
A

;

A � =

0

B
B
B
B
B
B
B
B
B
B
@

� Ux

0
0
0

Ux

0
0
0

1

C
C
C
C
C
C
C
C
C
C
A

; B � =

0

B
B
B
B
B
B
B
B
B
B
@

0
� 2e� 2uU=�

0
0
0

euU=�
euU=�

0

1

C
C
C
C
C
C
C
C
C
C
A

;

W being a column (W11; W12; W13; W21; W22; W23; W31; W32)> of pseudopotentials. One
easily �nds that W11 � W22 is a symmetry of the Tzitz �eicaequation if so is U. We have
obtained the `inverse'recursionoperator of the Tzitz �eicaequation in the Guthrie form.

Let us expressit in terms of D � 1
x . As the �rst step we introduce pseudopotentials

p;q; r satisfying

px = �p 2 � 2pux � �q ; py =
eu

�
pq�

1
e2u�

;

qx = �pq � qux � �; qy =
eu

�
(q2 � p);

r x = � �pr + �q + �r 2 + ux r; r y =
eu

�
(� pr2 + qr � 1):
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to make the ZCR (30) lower triangular by providing a solution to Equations (17).
Indeed,acting on � by the gaugematrix

H =

0

@
1 p q
0 1 r
0 0 1

1

A

we get

� H =

0

@
� ux + �p 0 0

� ux � �p + �r 0
0 � � �r

1

A dx

+

0

@
euq=� 0 0
eur=� � eupr=� 0
eu=� � eup=� eu(pr � q)=�

1

A dy:

In the secondstep we remove the diagonal. To this end we introducepseudopotentials
s; t by

sx = � ux + �p; sy =
eu

�
q;

tx = ux � �p + �r ; ty = �
eu

�
pr:

Acting on � H by the gaugematrix

Z =

0

@
e� s 0 0
0 e� t 0
0 0 es+ t

1

A

we �nally get

� Z H =

0

@
0 0 0

� es� t 0 0
0 � es+2 t 0

1

A dx

+

0

@
0 0 0

eu+ s� t r =� 0 0
eu+2 s+ t =� � eu+ s+2 t p=� 0

1

A dy:
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Denoting S = ZH , we compute the adjoint representation �S to be

�S =

0

B
B
B
B
B
B
B
B
B
B
@

e� 2s� t � e� 2s� t r e� 2s� t p e� 2s� t (pr � 2q) � e� 2s� t (pr + q)
0 e� s+ t 0 � e� s+ t p e� s+ t p
0 0 e� s� 2t � e� s� 2t r � 2e� s� 2t r
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

e� 2s� t p(pr � q) � e� 2s� t qr e� 2s� t q(pr � q)
� e� s+ t p2 e� s+ t q � e� s+ t pq

e� s� 2t (pr � q) � r 2e� s� 2t e� s� 2t (pr � q)r
p 0 q

� p r � pr
es� t 0 es� t r

0 es+2 t � es+2 t p
0 0 e2s+ t

1

C
C
C
C
C
C
C
C
C
C
A

:

Acting by �S on the above recursionoperator we get

�A
�S =

0

B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 0 0 0
� � es+2 t 0 0 0 0 0 0 0

� es� t 0 0 0 0 0 0 0
0 � � es� t 0 0 0 0 0 0
0 � es� t � � es+2 t 0 0 0 0 0
0 0 0 � es� t � � es� t 0 0 0
0 0 0 � es+2 t 2� es+2 t 0 0 0
0 0 0 0 0 � es+2 t � � es� t 0

1

C
C
C
C
C
C
C
C
C
C
A

and

�SA � =

0

B
B
B
B
B
B
B
B
B
B
@

e� 2s� t (� 2pr + q)Ux

2e� s+ t pUx

� e� s� 2t rUx

� Ux

Ux

0
0
0

1

C
C
C
C
C
C
C
C
C
C
A

(we omit the matrices �B �S and B � ).
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Thus, the inverserecursionoperator for the Tzitz �eicaequation in terms of D � 1 is

V = W21 � W22 � 2e� s+ t pW23 + e� s� 2t rW31 + e� 2s� t (2pr � q)W32;

where

W11 = D � 1[e� 2s� t (� 2pr + q)Ux ];
W12 = D � 1[2e� s+ t pUx � es+2 t �W 11];

W13 = D � 1[� e� s� 2t rUx + es� t �W 11];

W22 = D � 1[Ux + es� t �W 12 � es+2 t �W 13];
W21 = D � 1[� Ux � es� t �W 12];

W31 = D � 1[es+2 t � (W21 + 2W22)];

W23 = D � 1[� es� t � (� W21 + W22)];
W32 = D � 1[� (es+2 t W23 � es� t W31)]:
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