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Abstract
We presen a criterion of reducibility of a zero curvature represetation to a
solvable subalgebra,henceto a chain of consenation laws. Namely, we show that
reducibility is equivalent to the existenceof a section of the generalizedRiccati
covering. Results are applied to corversion between Guthrie's and Olver's form
of recursion operators.

1 Intro duction

To establish integrability of a nonlinear partial di erential equation in the senseof
soliton theory [1, 37], at leastin two dimensions,oneusually looks for a zerocurvature
represetation (ZCR) [43], possibly in the form of a Lax pair [17]. If dependingon a
non-remawable (spectral) parameter,a ZCR may sere asa starting point of methodsto
derivein nitely many independert consenation lawsand largeclasse®f exactsolutions.

Howewer, certain ZCR's do not imply integrability becauseof speci ¢ degeneracy
which doesnot evenrule out possibledependenceon oneor more nonremawable param-
eters. E.g., Calogeroand Nucci [3] gave a formula to assigna Lax pair to any nonlinear
systempossessing singleconseration law, arguingthat sud systemsaretoo abundart
to be all integrable. Recenly Salovich [33] obsened that the Calogero{Nucciexamples
canbe singledout by properties of their ass@iated cyclic bases.In particular, the "bad’
ZCR's fail to generatean integrable hierarchy.

In this paper we postulate that a ZCR is degeneratéf it takesvaluesin a sohable Lie
algebraor is gaugeequivalert to sud. Even though somereseartersare inclined to
admit the relevanceof such ZCR's to integrability, our results belov seemto support
the opposite opinion.



ZCR's taking valuesin an abelian algebraare well known to be equivalent to a set of
local consenration laws (se€[1, Sect. 3.2.c]). Usingthe Lie theoremon nite-dimensional
represetations of sohable algebras,we shav in Sect. 4 rather easily that every ZCR
that takesvaluesin a solhable algebrais equivalert to a "chain' of nonlocal conseration
laws. This simpleresult renders,e.g.,attempts to generatein nitely many independen
consenation laws out of a degenerateZCR rather unrealistic.

In Sect.5 we addressthe problem of detecting reducibility of a ZCR to a subalge-
bra, in particular, to a sohable one. Purely algebraiccriteria are insu cien t sincethe
Lie algebraa ZCR takesvaluesin may be altered by gaugetransformation. On the
other hand, when trying to nd the reducing gaugematrix directly, we face a rather
largeunderdetermineddi erential system. Our ideais to employ an appropriate matrix
decompsition, namely, the Gram or Gaussdecompsition. Earlier these decompsi-
tions were applied by Dodd and Paul [6, 7] in the context of Badklund transformations.
A remarkable connection betweendecompsitions and integrable systemsemergedin
numerical analysis[4, 5, 41].

The last sectionis dewoted to recursionoperators, direct and inverse,for symmetries
of integrablesystems[2, 14, 28, 39). In Olver's[27, 2&] formalism, a recursionoperator
is a linear integro-di erential operator , which mapssymmetriesto symmetries. The
standard way of inverting  consistsin nding dierential operators K;L sud that

=L K %then =K L ! However, oneencourers the problem of writing
the inverseL ! asan integro-di erential operator. In the scalarcase,L may be put in
theformL = q,Dg, 1D oD, wherethe coe cien ts g are expressibleas quotients
of wronskiansof independert solutionsv; of L(v) = 0 (see[3]] for a simple derivation
of this classicalresult, equivalert to decompmsability into rst-order factors; see[4/]
for the matrix case). In our cortext, g are nonlocal functions and nding them is
consideredo be the mostdi cult part of the whole procedure. Onceq arefound, one
caninvert L simplyasL * = q,'D *q' D 'q,%D 'q,' This is essetially the
generalschemebehind the works[ , 18, 19, 20, 29, 37.

Guthrie's [11] recursionoperatorsresenble Badklund autotransformationsfor the lin-
earizedsystemand indeedcan be interpreted this way (see[27]); their inversionis quite
straightforward and does not require the introduction of new nonlocalities. Moreover,
Guthrie's operators do not su er from the known abnormities, related to the fact that
D ! D = id fails to hold ([10, 34]). Let us alsoremind the readerthat computing
the “inverse'Guthrie operator starting from a known ZCR may turn out to be easier
than computing the “direct' one (see[24]). The corversionfrom Olver's to Guthrie's
form was explained by Guthrie [11] himself, the result being further strengthenedby
Sergyeyev [35. Concerningthe badkward cornversion, the x-part of a Guthrie opera-
tor can be written as an integro-di erential operator if the ZCR underlying it is lower
triangular. A non-parametric ZCR can be made lower triangular at the cost of the
introduction of appropriate nonlocalities. To introduceonly few (respected) nonlocali-



ties, we take into accourt a particular obsenation (already exploited in [24]) about the
structure of Guthrie's recursionoperators of integrable systems.

2 Preliminaries
Let E be a systemof nonlinear partial di erential equations(PDE)
F'=0 (1)

on a number of functions u* in two independen variablesx; y. Hereeah F' is a smooth
function depending on a nite number of variablesx; y; uk; uk; u§; i1, Uk, wherel
standsfor a symmetricmultiindex over the two-elemen setof indicesf x; yg. Besideghe
local variablesx; y; u®; uk, we shall alsoneednon-local variablesor pseudomtertials [4(],
which may be introducedas additional variables satisfying a systemof equations

=14 z=4d; 2

wheref '; ¢ are functions dependingon a nite number of local variablesaswell asthe
pseudopmtertials z' ; we require that the system(2) be compatible as a consequencef
(D).

Within their geometrictheory of systemsof PDE's, Krasil'shchik and Vinogradov [15]
introducedthe notion of a covering, which separateghe invariant cortent of nonlocality
from its coordinate presenation. Pseudomtentials then correspndto a particular but
arbitrary choice of coordinates along the bres of the covering in question. We recall
the basicfacts below; details we had to leave asidemay be found in [15] and alsoin [16,
Ch. 6]. Readersinterestedmainly in practical computations may skip the rest of this
section.

Let J* be aninnite jet spaceequipped with local jet coordinates x;y, u®;uk; the
functions F' then may be interpreted as functions de ned on J* . Sinceall our consid-
erationsare local, we simply let J1 be the spaceof jets of sectionsof the trivial bred
manifoldY M ! M, whereM = R?, with x;y being coordinateson R? and u* being
coordinateson Y. On J* , we have two distinguishedcommnuting vector elds

e.* @ @, % @

— Dy= =+ uy—p
@ er T

Dy = @

k
uIx
k;l

which are called total derivatives

The equation manifold E asseiated with system(1) is de ned to be the submanifold
inJ! determinedby the in nite systemof equationsF' = 0andD,F' = Ofor | running
through all symmetric multiindices in x;y. The total derivativesDy; Dy aretangert to
E, thereforethey admit a restriction to E. In what follows, equationswill be identi ed
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with equation manifoldsequipped with the restricted total derivatives;this approad is
indeedvery practical and suitable for all needsto be encourtered below.

Mappings between equation manifolds that commnute with projections to the base
manifold M and presene the total derivativeswill be called morphismsof equations;
they map solutions to solutions (we shall not usethe generalmorphismsof di eties
which neednot commnute with the projections and only presene the distributions gen-
erated by the total derivatives). Bijective morphismsare called isomorphisms their
inversesare isomorphisms,too.

A covering over an equation E consistsof another equation E° and a surjective mor-
phismE°! E.

The systemformed by Equation (1) and the 2k additional equations(2) generatesa

along RX. In particular, the projection presenesthe coordinates x;y. If f';g' are
functions de ned on E° sud that the vector elds
X e X @

D=Dy+ f'=; Di=Dy+ d— (3)
” i=1 @I ’ ’ i=1 @I

commute (which is a geometricway of saying that Equations (2) are compatible), then

E°equippedwith the vector elds (3) is ak-dimensionalcoveringover E. Recallfrom [15]

that every nite-dimensional covering is locally of this form.

Two coverings E° and E°are said to be isomorphic over E if there exists an isomor-
phism of the equationsE® = E®°that comnutes with the projectionsto E. Isomorphic
coveringsresult from invertible transformations of nonlocal variables. A k-dimensional
covering is said to be trivial if it is isomorphicto onewith f' = g' = 0; sudh a covering
is essenhally a family of identical copiesof E.

The simplestyet useful covering (2) may be asseiated with a single nontrivial con-
senation law = f dx + gdy, i.e., a pair of functionsf ;g de ned on E and satisfying
Dyf = DxgonkE:

De nition 1 A one-dimensional alelian covering asseiated with a conseration

law = f dx+ gdy is de ned to bethe trivial vectorbundleE R'! E, equippedwith
total derivatives @ @
0 — . 0 — .

DX - DX + f @1 Dy - Dy + g@;

wherez denotesthe coordinate along R.

As f;g do not depend on z, the vector elds D?; D) on E° comnute if and only if
Dyf = Dyg. The variable z is called the potential of the conseration law . We have
Dz=f,Dyz=gorbriey z,=f,z = g.



Recallthat a consenration law is said to be trivial if there existsa (local) function h
on E sudh that f = Dyh, g= Dyh. A covering asseiated to a trivial conseration law
is isomorphicto a trivial coveringthrough the invertible changeof variablesz = z%+ h.

A covering E! E is said to be trivializing for a conseration law = f dx + gdy,
if the pullback of alongthe projection E! E is atrivial conseration law on E.
Obviously, the one-dimensionalbelian covering asseiated with the conseration law

trivializes

A generaln-dimensionalabelian covering is obtained by repeating the construction
of the one-dimensionabbelian covering (cf. [40, Sect.V]):

De nition 2 An n-dimensionalcovering E over E is saidto be akelian, if

(1) either n = 1 and E is a one-dimensionalabelian covering over E in the senseof
De nition 1;

(2) or E is a one-dimensionalabelian covering over an (n 1)-dimensionalabelian
covering E° over E.

Let us remark that Khorkova [17] introduced the universal akelian covering which
neednot be nite-dimensional.

3 Zero-curv ature represen tations

Simplest pseudotertials that are not potertials are ass@iated with non-degenerate

zero-cunature represemations. Let g be a matrix Lie algebra (recall that according

to the Ado theoremewery nite-dimensional Lie algebrahasa matrix represetation).

By a g-valual zem-curvature representation(ZCR) for E we meana g-valued one-form
= Adx + B dt de ned on E sud that

D,A DyB+[A;B]=0 4)

holdson E, which meansthat (4) holdsasa consequencef system(1) (we do not insist
that (4) necessarilyreproducessystem (1), which is normally required in integrability
theory).

Let G be the connectedand simply connectedmatrix Lie group asseiated with g.
Then for an arbitrary G-valued function S, the form S = ASdx + BSdt, where

AS=D,SS '+ SAS % BS=D,SS '+ SBS ! (5)

is another ZCR, which is saidto be gaugeequivalentto the former.

A ZCR is said to be trivial if it is gaugeequivalert to zero,i.e., if A = D,SS 1,
B = DySS . A coveringE! Eissaidto trivialize aZCR = Adx+ Bdy if the
pullback of alongthe projection E! Eisatrivial ZCR.

A trivializing covering for the ZCR can be obtainedin the following way.
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Prop osition 3 For everyg-valuel ZCR on E there existsa covering :E ! E
that trivializes

Proof Let = Adx+ BdybeaZCR, whereA andB aren n matricesbelonging
to the algebrag. Put E = E G, whereG is the matrix Lie group assaiated with g.
Given an elemen C 2 g, let us denote by ( the right-invariant vector eld on G
correspndingto C. Givena g-valuedfunction C on E, let us denoteby ¢ the unique
vector eld on E with the E-component zeroand the G-componert equalto ¢, at eah
point of E . Consideringthe vector elds

@xsz"’ As I§y=Dy+ B

on B, whereDy;D, are the total derivativeson E, let us shav that By; B, are the
total derivativesfor a trivializing covering :E ! E of
Let A= (&), B = (bj). Let us rst considerG = GL, with its natural parametriza-
tion GL, = f(z;) j detz; 6 Og. We have
X @ X @.
= Z = Z
A au JI@II B bj JI@II

il il

Then By; B, comnute since

[@x;lgy] = [Dx;Dy]"'[Dx; B] [ A;Dy]+[ As B]

DxB DyA [AB]
= 0

The sameholdsfor arbitrary G GL,, sincethe vector elds ,; g aretangert to G
wheneer A; B belongto g.

Now denoteby the projectionE = E G! G viewedasa matrix-valuedfunction
onE . Then Dy = 0and therefore

X @ X
Bx) =(a) = auzjl@ ajz = (A)
i il i
Thus, By 1= A and similarly B, 1 = B, whencethe pullback of onE is

trivial.

The system (2) correspnding to E can be compactly written in terms of a single
matrix as
x = A ; y=B : (6)
Under the gaugetransformation (5), the matrix =~ becomesS. The coverings E

and E s areisomorphicvia 7! S.
The trivializing covering  just constructedhasthe following factorization property:
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Prop osition 4 Letp: E°! E over M be a trivializing coveringfor a ZCR on E.
Then there existsa morphismp! : E°! E suchthat P = p.

Proof Let = Adx+ Bdy. Sincepisover M, wehavep = pAdx+ pBdy.
By assumptionthis is a trivial ZCR, whencep A = DSS ' and pB = DJSS *
for a suitable G-valued function S on E°. Recall that bres of the covering E are
di eomorphic to the Lie group G. Thereforewe can de ne a mappingp! : E°! E by
the formula pl = S, where,asabove, denotesthe projection B = E G! G.
The mappingp! is a morphism,since( p)x=Sc=AS=A p.

4 Lower triangular ZCR's
Let t, denotethe algebraof matrices

0 1
a; O 0

a axp 0

dz1 dz2 ass : (7)
0

dn1 Apn2 ans ann

Denote by t%, k 1, the derived algebraformed by matricessatisfyinga; = 0 when-
everi j <Kk.
ZCR's with valuesin t, are,in a sensegquivalert to an abelian covering.

Prop osition 5 Everyt,-valuel ZCR can ke trivialized by means of an akelian covering
of dimension  in(n+ 1).

Proof Let = Adx+ B dybeaZCR sud that matricesA and B arelower triangular.
We shall construct an abelian covering E™ Y in n steps.
It follows from Equation (4) that ; = ajdx + bjpdy, , = azxpdx+ bydy, ...,
n = ann dx+ by, dy are consenation laws. Let usdenoteby E© the asseiated abelian

hix = ai; hiy = b fori=21::::n:

Then 0 1



is a matrix de ned on E@, with the property that all diagonal ertries of the gauge
equivalert matrix A°= A" vanish:

0 1
0 0 O

a3, o0 0
A’=Ba3 a3 O ; (8)

0, &, al, 0

and similarly for B® Hence,A% B take valuesin t{.
By the sameEquation (4), 9 = a% dx+ B,;dy, § = ad,dx+ B,dy, ..., 2=
a ,,dx+ i .., dyareconseration laws on E®. Let usintroducea covering E° over

Denoting 0 . . . 01
hY 1 0

H°=gB 0 h 1 ;

0 0 hd1

we seethat the gaugeequivalert matrices A%%= A®° and B%= B’ take valuesin t$?
now. Comparedwith (8), A°°and B °°have one more sulbdiagonal of zerces. The next
stepis similar:  3°= a0 dx+ B3 dy, 2°= alddx+ H3dy, ..., 0= &, dx+ %, dy
are conseration laws on E°. Let us introduce a covering E® over E° with potentials
h9?:::; h®satisfying

hX =ay 5 hy =8, fori=3::;n
Denoting 0 1
1 0 0 0O O
0 1 0O O
0 h¥®o 1
0 0 h® o 1

we obsene that A%0= A0#® BO00= BOB® take valuesin t, and so on. Continuing
the processuntil A(M, B(M becomezero, we end up with a sequenceof in(n + 1)



consenration laws

1 2 3 n
0 0 0
2 3 n
go 00
n
©)
(n 2) (n 2)
n 1 n
(n 1).
n ’
where(a) 1;:::; » areconseration lawsonE; (b) ") ;:::; " ) areconseration

laws de ned on the abelian covering E" Y assaiated with the conseration laws of
all the previouslevels.

Finally, HH® H™ ® = (M = 0 whereeah HO) is de ned on E(). Summingup, the
covering EM ) trivializes

The sequencd9) will be called an n-fold chain of conservationlaws

Prop osition 6 Let beat,-valual ZCR, thenthe assaiated covering is isomorphic
to an atelian covering of dimension  n(n + 1).

Pro of Accordingto Proposition 5, there is an abelian coveringp : E™ Y 1 E that
is trivializing for ; namely we have X = 0, whereK = HH® H®™ Y (seeproof of
Proposition 5). Hence, = 0X ' and, accordingto Proposition 4, there is a morphism
p:EM D1 B, givenby =K I Here represets the totality of coordinatesalong
the bres ofthe covering E , while K is parametrisedby coordinatesh’ alongthe bres
of the covering E™ V. It follows that p' is bijective onthe bres, henceisomorphism.

5 Reducibilit y

A g-valued ZCR is said to be reducibleif it is gaugeequivalert to a ZCR taking values
in a proper subalgebrah g; otherwiseit is said to be irr educible

Let h g beasubalgebra.We preser a simple criterion for reducibility of a g-valued
ZCRto h. Let H G bethe Lie subgroupcorrespnding to the subalgebrah. We call
H a right factor if there exists a submanifoldK G (possibly with singularities) sud
that the multiplication map

'K H! G  (K;H)7!'KH (10)

is a surjective local di eomorphism. The manifold K will be called a cofactor. By
surjectivity, every elemenn S 2 G can be decommsedas a product S = KH, where
K 2 K andH 2 H, possibly non-uniquely The map being a local di eomorphism,
K hasthe minimal possibledimensiondimK = dimG dimH. If H is closed,then the
assignmeh K 7! KH de nes alocal di eomorphism of K onto the homogeneouspace
G=H.



Prop osition 7 Under the alove notation, a g-valuel ZCR on E is reducibleto the
sulalgeba h if and only if there existsa local K-valual matrix function K on E such
that ¥ liesin h.

Pro of The gaugeequivalencewith respectto H 2 H presenesthe subalgebrah.
Therefore,the gauge-equiglert ZCR S = ( X)H liesin hif and only if X liesin h.

Otherwisesaid, if a ZCR is reducibleto h, then the correspnding gaugematrix can
befoundin K. Understandably di erent choicesof the cofactorK may leadto di erent
reducibility criteria.

In this paper we are primarily interestedin detecting reducibility to a sohable sub-
algebra. By the well-known Lie theorem ([9, Sect.9.2]), every nite-dimensional repre-
sernation of a solable Lie algebrais equivalent to a represemation by lower triangular
matrices. Hence,every ZCR reducibleto a sohable subalgebrais reducibleto t, (and
can be trivialized using an abelian covering accordingto Proposition 5).

Let usthereforeapply Proposition 7 to h = t,. There are two standard ways to make
t, aright factorin gl,.

The QR or Gram decomp osition is an alternative formulation of the famous
Gram{Schmidt ortogonalizationalgorithm. Namely, everyn n complexmatrix A can
be decommsedas a product A = QR, whereQ 2 SU, and R 2 t, [25 Ch. 6, Sect.
1.9]. Proposition 7 then yields

Prop osition 8 A real (complex)ZCR on E is reducibleto lower triangular if and
only if there existsan SQ,-valued (SU,-valual) function K on E suchthat X is lower
triangular.

Howewer, the factors Q and R are unique up to a unimodular diagonal multiplier:
gR =Q IR, where = diag( 1;:::; n) 2 S(U; Uj), i.e.,,j j = 1and
", = 1. Thus,the mapping(10) is not alocal di eomorphism unlessit is restricted
to a suitable immersionof the orbit spaceSU,=S(U; U,) into SU,. In the real
casewehave = landwegeta2" !-to-onelocaldi eomorphism (10) with K = SO,.

The LU or Gauss decomp osition can be derived from the Gaussianelimination
algorithm. The following result is well known ([25, Ch. 6, Sect. 1.8]):

Prop osition 9 For everynon-singularmatrix A there exist matricesP; U;L suchthat
A = PUL, L is lowertriangular, U is upper triangular with diagonalentries equalto 1,
and P is a permutation matrix. The matrix P can be omitted if and only if all principal
minors of the matrix A are nonzeo.
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(Recall that Gaussianelimination may require row swapping, which is where the
permutation matrix P comesfrom.) Let K denotethe set of all products PU where
P is a permutation matrix and U is an upper triangular matrix with diagonal ertries
equalto 1. Then K is a union of n! intersectingsubmanifolds,labelled by permutation
matricesP. Comparedto the QR-decompsition, eat of the n! submanifoldsis easier
to parametrizethan SO or SU.

Prop osition 10 A ZCR on E is reducibleto lower triangular if and only if there
existsa permutation matrix P and a matrix-valued function

0 1
1 hip his
0O 1 hy
H=Bo o0 1 (11)
0 0 1

on E suchthat PH is lower triangular.

Beforelooking more closelyat low valuesof n, we make a generalremark to the e ect
that ewvery gl,,-valued ZCR is reducibleto sl,:

Remark 11 A gl,-valuedZCR is decommsableinto ansl,-valuedZCR (tracelesssum-
mand) and a consenration law (the trace).

5.1 The caseof n= 2

When n = 2, the reducibility condition correspnding to the QR decomsition is:
Prop osition 12 A gl,-valuel ZCR

ai;; a b1 b
dpy A ox + b1 b dy

is reducibleto lower triangular if and only if there existsa function on E that is a
solution of the system

= Adx+ Bdy=

Dy = @,c08 + (a;1 ap)sin CoS + ap Sin? ;

12
Dy = bppcog + (biy byy)sin cos + by sin? : (12)

11



Pro of An arbitrary SO, matrix is

cos sin

K= .
sin  cos

By Proposition 8, the ZCR is reducibleto lower triangular if and only if X is lower
triangular, which is exactly the meaningof conditions (12).

The reducibility conditions correspnding to the LU decomposition are:
Prop osition 13 A gl,-valuel ZCR

ai;; a by bz
dp; A dx+ b1 b dy

on E is reducibleto lower triangular if and only if
1. either there existsa local function p on E suchthat

= Adx+ Bdy=

Dyp= a2+ (a1 ax)p+ anp?
Dyp= b+ (biy  bp)p+ bpup?;

2. or A; B are upgper triangular:

(13)

az = b= O
Pro of An arbitrary K-valuedfunction is K = PU, where
_ 1p
US 01

and P isoneof the two 2 2 permutation matrices

10 0
1

P2 = 01 P21 =

1
0
Subcasesl and 2 correspnd to the choicesP = P;, and P = Py, respectively, and
expressthe conditionsthat APY, BPY be lower triangular.

Recallthat a quaditic or Riccati pseudoptential p ass@iated to an gl,-valued ZCR
is de ned by the compatible system

P = apt (a1 axp)p+t azlp2;

py= bt (b bp)p+ b1 p?;

which areessetially Equations(13). The system(14) beingcompatible,let usintroduce
the correspnding one-dimensionalRiccati covering Proposition 13 then says that a
non-upper-triangular ZCR is reducible to lower triangular if and only if the Riccati
covering hasa local section.

(14)

12



Remark 14 Obviously, Equations(13) and (12) arenot independer, the explicit map-
ping of their solutionsbeingp = tan for 6 (2k+ 1) =2. Recenly Reyes[3(] pointed
out a geometricinterpretation of the samecorrespndencein terms of pseudospherical
equations.

Example 15 The Burgers equation u; = Uy + uuy is well known to be integrable
via the Cole{Hopf transformation, which relates its solutions with those of the heat
equation [1, Sect. 3.1]. Of the seweral Lax pairs that have beenfound all turn out

to be degenerate. Let us considerone example[26, 47], where the lower triangular
represemation could not be obtained by purely Lie algebraicmethods:
_ 0 1 dx

uc+ Z(u+ )2 0
+ 1 1 2l 1 2 %(Ll )
iU g(u JUx + z5(u u+ ) 7Ux
In this case,Equations (13) have a local solutionp = 4=u+ ), hence

1 4u+ )
0 1

is a gaugematrix to make the ZCR lower triangular.

That the Burgersequationhasno irreducible gl,-valued ZCR follows from the recert
classi cation of second-ordeewlution equationspossessingn sl,-valuedZCR [23] and
Remark 11 The non-existenceof an irreducible ZCR of Wahlquist{Estabrook type for
arbitrary n wasprovedDodd and Fordy [&] who establishedsohability of the Wahlquist{
Estabrook prolongation algebraof the Burgers (and also of the Kaup) equation.

Example 16 The Calogero{Nucciexample[3] of a ZCR that existsfor every equation
possessing c(())nser\ation law f{ = gx:

1
0 1
A
@ ESE 2 ff—x+ PR,
0 1 15
fg+ fg (15)
+@ Ad
% + fg+ ¢ 29 & + g 9 + y
f f f
where ;; ; are arbitrary constarts. This ZCR is reducible, which follows from

Proposition 13 alongwith explicit formulas for its reduction. Indeed, we have Subcase
1 againand oneeasily nds a local solution
1+ P 2+ 4)f 2
P2 F2z+ 1 2

13



of Equations (13). Hence,the above ZCR is reducibleto lower triangular.
Continuing the reductionfurther, one nally arrivesat anabelian subalgebra.Namely,
if p is asabove and

(f 2+ £ 2 2f +( p'Tiir)
2f +( + 2+4)

then the product of gaugematrices

P =t g 10 1p
0 1=7f g1 01
takesthe ZCR to the diagonalform
p__
1
( 2+ 4 )f 0
2 _
0 , T p 75 4)f dx
1
5( 2+ 4 )g+ 0 .
2 _
' 0 i+ T aygr Y

which is manifestly equivalert to the consenration law f dx + gdt.

52 The caseof n 3

Forn 3, the QR approad is impractical dueto relative clumsinessof the parametri-
sation of SG, by generalizedEuler angles.On the other hand, the LU criteria comeout
subdivided into asmuch asn! subcasespnefor ead of the n! permutation matricesP.

For every n, the caseof generalposition occurswhenall principal minors of the gauge
matrix K are nonzero. Then the permutation matrix P equalsthe identit y matrix and
we can derive explicit formulasthat generalize(13) to arbitrary n.

Prop osition 17 A gl,-valuel ZCR = Adx+ B dy, wheeA = (g;) andB = (b)), is
reducibleto lower triangular by means of a gaugematrix with nonzeio principal minors

14



if and only if the system

X
Dxpkl = ( 1)rakiopioi1pili2:::pir 1ir
Orn1
ig<i 1< <ir=1
X
( 1)rpkjaiiopioi1pili2:::pir 1irs
Or n1

k<j
ip<i 1< <i,=I

y (16)

Dypkl ( 1)rbﬂiopioi1pili2:::pir 1ir

Or n1
ip<i 1< <i,=I
X r
( 1) pquiopioilpiliz:::pir 1ir
Or n1

k<j
ip<i 1< <i,=I

on 2(n  1)n unknownfunctions py, k < I, hasa local solution.

Pro of Accordingto Proposition 9, every gaugematrix S with nonzeroprincipal minors
decommsesas S = LU, with L lower triangular and

0 1
1 pi2 piz 0 Pin
0 1 p23 i Pon
u=BO0 0 1 ::: pan(:
O 0 0 ::: 1
The inverseof U is 0 1
1 iz Gz ::: Chn
0 1 o3 i@ Opn
ul=B0 0 1 I G
0O 0 O 1

15



where

X
Gi = ( 1)rpioi1pili2:::pir 1ir
1r n1l
i=ip<ii< <i;=j
Pii+r Bii+2 Pij 1 P
1 Pi+1;i+2  Bi+1;i+3 Pi+1;
= 1)i+j 0 1 Pi+2:i+3  Pi+2;i+4 :
1
0 B2 1 B 2
0 0 1 B 1

P . .
sincet + g PG + pa = Owhenewerk < |. Let us considerthe gaugeequivalert
matrix AY = UyU 1+ UAU !. Termsthat cortain total derivativesDyp; can occur
only in the rst summand,which is

0 1
0 z1o Z13 ::: Zin
0 O 2zy3 ::: 2Zop
Uuu 1=B0 0 0 I Zza(:
O 0 O 0
where
X 1
Zy = ( 1)r DXpiOil Bisio <2 By i
1r n1
k=ig<ii< <ir=I
Dxpk;k+l Dxpk;k+2 Dxpk;l 1 Dxpk;l
1 Pr+1ke2 Pk k+3 Pr+1:1
— ( 1)k+|+l 0 1 pk+2;k+3
0 0 1 pl 1;1
for all k < I. Denoting AY =: A%= (&), we have
o X X X
A =yt oag t g+ Pyiay G + Pxi & -
i<l k<ij <l k<i

The condition of A°being lower triangular, a, = 0 for all k < I, constitutes a system
of equationsin total d|e_;ivativesDxpi,- . The equivalert systemresoled with respect to
the derivativesis ag + . ganPn = O, sincederivativesoccur only in the summands
cortaining z; , which are zy + . ZknPn = Dxpw. The remaining summandsthen
simplify to the expressiongyivenin the statemert of the proposition.

16



5.3 The generalized Riccati covering

A tedious computation showvs that Equations (16) are compatible, meaningthat there
are no integrability conditions resulting from the equalities Dyypy = Dyxpu. This
implies the existenceof a covering asseiated with a ZCR which naturally generalizes
the Riccati covering. Similar result holds for more generaltypesof decompsition, too.

Let a subalgebrak g be a direct complemen to the subalgebrah g considered
throughout this section. Let pr, : g! Kk be the correspnding projection. Then the
condition ¥ 2 h (Proposition 7) can be equivalertly written aspr, ¥ = 0.

Denoting by K the Lie connectedand simply connectedmatrix Lie group asseiated
with the subalgebrak, we have

Prop osition 18 Under the atove notation, the di er ential equations

pri(KyK 1+ KAK 1) =0

17
prK,K 1+ KBK 1) =0 a7

on a matrix K 2 K are compatible.

Pro of SinceK 2 K, matricesKyK !;KyK ! belongto k and are mapped identically
under the projection pr,. HenceEquations (17) are di erential equationson K and,
moreover, can be resohed with respect to Ky; Ky. Let us considertheir derivatives

0 = DyprKy«K '+ KAK 1
= prKyK ' KBAK '+ KAK b,

0 = Dypr(KyK '+ KBK 1)
= prKyuK ' KABK '+ KByK 1);

where we have made substitutions pr KK 1 ; pr,K AK 1 and prK,K 1 ;
pr.K BK ! accordingto (17). Theseequationscan also be resoled with respect to
Ky andKyy, respectively. Now onecan perform the standard ched that K,y coincides
with Kyy:
pri(Ky Ky)K '=pr(A, Byx+AB BA)=0:

De nition 19 Givena ZCR of an equation E and the decompsition g = h+ kas
above, we de ne the asseiated genenlized Riccati coveringasE K ! E, assuming
that the correspnding matrix of pseudomtentials K 2 K satis es Equations (17).

Summingup, we obtain:

17



Corollary 20 A gl,-valuael ZCR s reducibleto lower triangular by meansof a gauge
matrix from K if and only if the genealized Riccati coveringassaiated with the decom-
position gl,, = t, + k hasa local section.

Choosingk to be the Lie algebraof strictly upper triangular matrices, we have:

Corollary 21 A gl,-valued ZCR s reducibleto lower triangular by meansof a gauge
matrix with nonzeo principal minors if and only if there exists a local solution to
Equations(16).

6 Guthrie's form ulation of recursion operators

In 1994,G.A. Guthrie [11] suggestedh generalde nition of a recursionoperator, free
of someweaknessesf the then standard de nition in terms of integro-di erential op-
erators. Geometrically, Guthrie's recursion operator for an equation E is a Badklund
autotransformation for the linearized equation VE ([27).

In geometricalterms, the linearization VE can be introduced as the vertical vector
bundle VE! E with respect to the projection E! M on the basemanifold.

At the level of systemsof PDE, the linearized systemis

F'=0, “m[U]l=0 (18)
where
X @& .
A = - 19
F[U] " @J||( UI ( )

(cf. the Fredhet derivative [2]), where U are coordinates along the bres of the
projection VE ! E and sene asadditional dependert variables( velocities' of the uk's).
We assumesummation over all k;1 suc that the functions F' depend on uk,

MorphismsE! VE that are sectionsof the bundle VE! E arein one-to-onecorre-
spondencewith local symmetriesof the equation E. Recall that nonlocal symmetries
(more precisely their shadows[15]) correspnd to morphismsE ! VE over E, where
E is a covering of the original equation. In full generality, Guthrie's de nition includes
sud a covering.

Let us denote by VE! Ethe pullback of the vertical bundle VE ! E along the
covering projection E! E. Then nonlocal symmetriescorrespnd to morphismsE !
VE that are sectionsof the projection VE! E. In coordinates, if the covering E is
determinedby equationsz, = f!, z, = ¢, then its linearization VE correspndsto the
system

F'l=0 2z =1, Z=¢; w[U]=0 (20)

18



De nition 22 ([11]) A recursion operator for the system (1) consistingof equations

(1) a gl -valued zero-cunature represemation = A dx+ B dy for E;

(2) two n-vector-valued functions A = (Al), B = (B!) on VE linear on the bres
(i.e., linear in the variablesUf) and satisfying

(D, B)A = (Dx A)B; (21)

(3) ans n-matrix-valued function C on E;

(4) an s-vector-valued function C on VE linear on the bres (i.e., linear in the
variablesUf).
The following condition is supposedto hold: If U = (UX) satis es the linearized

are nonlocal variablesof the covering
wi=Alw+ A W) = B/W' + B; (22)
The recursionoperator de ned by thesedata will be denotedasLK 1.

Once is a ZCR and (21) holds, Equations (22) determine a covering; see[1],
Eq. (3.2)].

Recursionoperators exhibit the following form of gaugeinvariance: If S is a function
on E with valuesin GL(n), then the data

A = AS=pP,SS '+ SAS 1 A= SA ;
B = B®=8,SS '+ SBS % B°= SB ; (23)
c® = cs i c’=C

(we assumematrix operations) determine the samerecursion operator as a mapping
U 7! U

Remark 23 One can put the de nitions in a more compact form. Let us consider
(+n) (1+ n) matrices

1 0 1
0 0 0 0

AZ%A Ag; éz%s Bg: (24)

Then



is a ZCR for W E; this follows easilyfrom formulas (21). Moreover, let usintroducethe
s (1+ n)-matrix 0 1

c=@c | c A:

Then the above formulas (23) of gaugeinvarianceassumethe compactform

A0 = AS=8,88 1+ SAS 1,
B = B5=18,88 1+ 8BS Y (25)
o= ¢81

e

It is even possibleto de ne a generalizedrecursion operator of the system (1) as
consistingof a gly, -valued zero-cunature represetation ~ = A dx + B dy for ¥ E along
with ans N -matrix-valued function € on VE, subject to the following condition: If

Wi= AW W= BIW (26)

where

then U° = /Wi satis es the linearized equation VE.
For A; B given by formulas (24), the correspndencebetweenW and W is

W=%;§;

where satises®, = B, = 0. With S being an arbitrary matrix, formulas (25)
de ne a generalizedgaugeinvariance of generalizedrecursionoperators.

Coverings (22) with = 0 are assaiated with conseration laws, since for them
Eqg. (21 readsDyA = DB . Examplesare provided by recursionoperators that can
be written in the traditional integro-di erential form ([27])

X .
u’= RyD,U*+ C/D, 'pU:
i=0
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Upon the obvious identi cation D! Uk = UK and introduction of nonlocal variables
Wi = D, pl U, the Guthrie form of this operator is

wj = Fil U
w) = q'uf;
u? = W + RyUf;

wherep!' UK dx+ ¢ UK dy is a conseration law of the linearizedequationVE (typically
a linearized consenration law of the equationE; [27]).

Example 24 The Lenardrecursionoperator Dy, + 4u+ 2u,D, ! for the KdV equation
Uy = Uy + 6Uly hasthe following Guthrie form (with E= E and VE = VE):

Wy = U;
W; = U + 6uU; (27)
U° = Uy + 4uU + 2u,W:

Indeed,if U satis es the linearizedequation VE, i.e.,
Ut = UXXX + GUUX + GUXU, (28)

then so doesU° (for the sameu).
Here W is a potential of the conseration law U dx + (Uy + 6uU) dt of VE, which is
a linearization of the consenation law udx + (U + 3u?) dt of E.

6.1 Inversion of recursion operators

A recursion operator is said to be invertible if the morphism L of De nition 22 is
a covering. The recursion operator LK ! is then simply a pair of linear coverings
K:L:R! WVE, its inversebeingthe recursionoperator K L 1. Noninvertible recursion
operators do exist, seeRemark 27(2).

Oneimmediately seeghat a recursionoperator and its inverseare built upon oneand
the samecovering E. In practice usually E = E (hencethe covering E is almost obsolete
in De nition 22); howewer, onecansimplify the ZCR  with the aid of a suitably chosen
covering. Namely, given a recursionoperator

R

K L

. &
VE VE
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asseiated with a ZCR , the obvious pullback along a coveringp : E! E yields a
recursionoperator

pR
pK g Pt
VE=pVE p VE= VE;
which is asseiated with the pullback p
For instance, let E ! E be the trivializing covering for . Then, after suitable
transformation (23), we havep = 0, whencethe recursionoperator becomesntegro-

di erential of rst orderin D *. Hencea possibleway of corversionof recursionopera-
tors from Guthrie's to Olver's form, merntioned in the Introduction. This approad was
usedin the work by Guthrie and Hickman [17] who, by usingformal power seriesin the
spectral parameter , wereableto descrike large algebrasof nonlocal symmetriesof the
KdV equationresulting from iterated application of the inverserecursionoperator.

Alternatively, E ! E can be a covering such that p s strictly lower triangular
(belongsto t1). Then the covering (22) will be abelian by a similar argumen as in
Proposition 5 and the recursionoperator will be integro-di erential oforder sinD 1.

Let us now turn bad to recursionoperators LK ! with a generalcovering . One
usually obsenesthat for systemsE integrablein the senseof soliton theory the covering
K is of a very special form, which is descriked in the following proposition:

Prop osition 25 Let = Adx+ B dybeag-valual ZCR of equationE. Thenthetrivial
vector bunde g VE! VE carries a covering structure determinal by the condition
that an arbitrary elementW of the Lie algeba g be subjet to equations

Wy = [A; W]+ "aAlU]; Wy = [B; W]+ "g[U]: (29)

Otherwisesaid, the ass@iated ZCR coincideswith the adjoint represemation of the
ZCR ,while A = "A[U],B = "g[U].

Pro of The validity of formulas (21) follows from the fact that A 7! "A[U] is a di er-
ertiation.

Taking accoun of the last proposition, we arrive at the following construction, which
corverts a recursionoperator from Guthrie's form to Olver'sform provided the covering
K is of the type (29).

Construction 26 Stepl. Construct the generalizedRiccati covering (De nition 19)
E°over E sudthat ©:= " is lower triangular, whereH is the matrix (11).

Step2. Let &, f be the diagonalertries of the lower triangular matricesA™, B",
respectively. Then af dx + i dy are conseration laws; if they are nortrivial, then
construct the abelian covering E®®over E° with the correspnding potentials z;.
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Step 3. Compute S = ZH, whereZ is the diagonal matrix diag(e #). Obviously,
00.= S js then strictly lower triangular, and sois its adjoint represemation

o= S.
whereS is the imageof S in the adjoint represemation of the group G. The x-part of
the resulting recursionoperator given by formulas (23) will be expressiblein terms of
inversetotal derivativesD, ?.
Step 4 (optional). Let us considerthe compactform (24) of the recursionoperator,
which now takesvaluesin the algebrat§,1+)l of strictly lower triangular matrices of di-
mensionn + 1. Choosing appropriately a lower triangular gaugematrix S with units

on the diagonal,onecan, in principle, further simplify the formulas.

If omitting Step 2, the recursion operator will be expressiblein terms of inverses
(Dx &) ™.

Remark 27 (1) Let R be a corvertional recursion operator of an integrable system,
let id denotethe identity map. As a rule, the inverserecursionoperator (R + id) !
in the Guthrie form includesa -dependert ZCR . The parameter can be usually
identi ed with the spectral parameterof the standard ZCR of the system.

(2) Let usrecallthat the formulas(29) cansereasa starting point of amethod to nd
the inverserecursionoperator of an integrable systemwithout nding the convertional
recursion operator rst. One simply computesall morphismsR ! VE, where R
is the covering determined by (29). Recerily the procedure has been applied to the
stationary Nizhnik{V esel@{Novikov equation, see[24]. Remarkably enough, the so
obtained recursion operator turned out to be noninvertible for the zero value of the
spectral parameter . Two examplesof suda computation can be found below.

7 Examples

Example 28 Continuing Example 24, let usinvert the Lenard operator. The resultis,
of course,well known (Guthrie and Hickman [17], Lou [20, 21]).
Instead of tedious inversion of the operator given by formulas (27) and (28, we
computeit from scratch. We start with the standard sl,-valued ZCR
O u Uy Ux + 2U

= dx +

10 2u Uy dy

of the KdV equationwith the spectral parametersetto zero. Using (22) and (29) with
sl, parametrizedas

Q P .
R Q°
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we get the following formulas for the covering K :

0 1 0 10 1 0 1
P O 2u 0 P U
@QA = @1 0 UuA@QA + @0A,
R 0O 2 0 R 0
0 1~ 0 10 1 O 1
P 2Uy 22Uy 4u? 0 P U + 4uU
@QA = @ 0 Uy + 202AQQA + @ U, A
R 0 4u 2Uy R 2U

t

Here U denotesa symmetry of the KdV equation, i.e., satis es the linearized KdV
equation (28). Then one easily nds that U° = Q satis es the samelinearized KdV
equation (28) as well, i.e., yields a recursion operator for the KdV equation. It is a
matter of routine to ched that this operator is the inverseof the Lenard operator.
Moreover, it followsthat K : R ! VE, originally givenby U = U2, + 4uU%+ 2u,W,
constitutes a three-dimensionalcovering (with nonlocal variablesU; Uy, and W).

According to Construction 26, to expressthe inverserecursionoperator in terms of
D, !, all we needis to make the ZCR  strictly lower triangular. As the rst step we
build up a covering E°! E with the quadratic pseudomtertial h = hy; de ned by
Eq. (14), i.e.,

hy = h? u;
hy = 2uh®+ 2ush Uy 2u%
Then, using the gaugematrix
= 1 h .
- 01
we get the lower triangular ZCR
h O Uy 2uh 0
0— H _— X
- - 1 h dx + 2u u, + 2uh dy

with  h;h on the diagonal. As the secondstep, we construct the abelian covering
E%  E°with the potertial z satisfying

z,= h; Zy = Uy 2uh:
The gaugematrix ]
2= % o
then givesthe strictly lower triangular ZCR
o zv_- 0 O 0 0

@ o Xt gy o W
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In the third step, we combine the above gaugematrices into one and compute its
adjoint represetation:

O e 2z 2he 2z hze 221

S= ; sS=@ 0 1 h A
0 ¢ 0 0 e
Acting by S on our operator, we get
0 1 0 10 1 O 1
P 0 O o0 P e 22U°
@QA = @* 0 O0A@QA+ @ 0 A;

R 0 2” 0 R
0 1% 0 10 1
P 0 O o0 P
@QA = @ue 0 O0AQ@QA

R 0 4ue” 0 R .
e 2U2  2e ZhUQ+ (2h? + 4u)e 22U°
+@ u? 2hu° A;
2e2U°

U = Q he%R:

Rewritting the x-part in terms of inversetotal derivativesD !, wegetP = D (e %U),
Q=D (e**P), R= 2D (e #Q), hence

U=D '¢’D 'e #U he D 'e #D '¢’D ‘e *U:
This is the well-known result [12, 20, 21], sinceU’= Q he ?R = ID,(R=h?) and
Zw = Z2+ L.
The optional fourth step doesnot bring any signi cant improvemert.
Example 29 Let usconsiderthe Tzitzeicaequation[39]
Uy = €8 e 7

later rediscaoveredas a member of the Zhiber{Shabat classi cation [45]. Its ZCR

0 1 0 1
ue O 0 e2= 0

=@ uc, OAdx+ @ 0 0 e=Ady (30)
0 0 e'= 0 0

aswell asthe Badlund transformation were essetially found by Tzitz eicahimself.
One could invert the known recursionoperator [36], but it is easierto compute the
inverserecursionoperator directly by the procedureoutlined in Remark 27(2). Namely,

25



we considerthe eight-dimensional covering (29), whereA;B; A andB arefound from
the formula (30) to be

0 1
0 0O 0 0 O 0
0 2u O 0 0 O
2 0 u O 0 0 O
A - 0 0 2u o 0o o0&
0 0O 0 O o 0 &
0 o0 0 u 0 O
O 0 0 0 0 u
O 0 0 2 0 Uy
0 1
0 0 &= e%= 0 0 0O 0
e 0 0 0 e2= 0 0O 0
0 &= 0 0 0 e2= 0 0
5 - O 0 0 0 e= &= 0
- 0O 0 0 ex= 0 0 0 e= &
¢= 0 0 0 2e= 0 0O 0
2¢= 0 0 0 e'= 0 0O 0
0 &= 0 0 0 0 e%= 0
0o 1 0 1
Uy 0
0 2e 21y=
0 0
0 0
A= By g BS 0 !
0 U=
0 U=
0 0

W beinga column (Wy1; Wiz; Wiz, Wai; Was; Wag; Wiy Wap)” of pseudoptertials. One
easily nds that Wy;  Wa; is a symmetry of the Tzitz eicaequationif sois U. We have
obtainedthe “inverse'recursionoperator of the Tzitz eicaequationin the Guthrie form.

Let us expressit in terms of D, 1. As the rst step we introduce pseudopmtentials

p;q;r satisfying

— 2 . _éJ 1 .
= pP% 2o q; = =P o
e
&= Pg Qux ; o= —( p)
Iy = Pr+ g+ 12+ Ur; ry = g( pré+ or 1)
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to make the ZCR (30) lower triangular by providing a solution to Equations (17).
Indeed, acting on by the gaugematrix

0 1
1pg
H=@ 1 rA
0 01
we get
0 1
Ux+ p 0 0
H = @ ua p+r 0 Adx
0 r
0 1
o= 0 0
+ @g'r=  é&'pr= 0 A dy:
e'= ep= e(pr 0=

In the secondstep we remove the diagonal. To this end we introduce pseudomtentials

s;t by
e"
Sx = Ux+ P; Sy = —(Q
tx=uUx p+ r; ty= —pr:
Acting on " by the gaugematrix
0 1
es 0 O
z=@0 e' O0A
0O 0 et
we nally get
0 1
0 0O O
H = @et 0 O0Adx
0 es+2t 0
0 1
0 0 0
+ @g*s tr= 0 0A dy
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Denoting S = ZH, we computethe adjoint represetation S to be

0 e 2s t e 2s tr e 2s tp e 2s t(pr 2q) e 2s t(pr+ q)

O e s+t O e s+tp e s+tp
0 0 esZt esZtr 2e s Ztr

_ 0 0 0 1 0

B 0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

1
e 2s tp(pr q) e 2s tqr e 2s tq(pr

e s+tp2 e s+tq e s+t
e s 2t(pr q) e s 2t e s 2t(pr

p 0
P r
et 0
O es+2 t es+2 t
0 0 st t

Acting by S on the above recursionoperator we get
0

0 0 0 0 0 0 0O O !
et 0 0 0 0 0 0O O
et 0 0 0 0 0 0O O
AS = 0 et 0 0 0 0 0O O
B 0 et 2t 0 0 0 0O O
0 0 0 et et 0 0O O
0 0 0 ezt 2 et?t 0 0O O
0 0 0 0 0 2t et o

and

o

e 2 Y 2pr+ q)U

1
26 s+tpUX
e s 2trU
SA

(we omit the matricesB® and B ).

cocooft &
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Thus, the inverserecursionoperator for the Tzitzeicaequationin termsof D 1 is

V=W, W 2e s+tsz3‘|' e’ ZtrW31 + e 2s t(2pr C])W32;

where
Wi = D '[e ® '( 2pr+ qUy];
le = D 1[28 s+tpUx es+2tW11];
Wiz = D es?rU,+ e "Wy,
Wy = D U+ € "Wy €e*2'W g3
Wy = D[ U € "Wy
Wa = D e (Way + 2Wa)];
Wos = D[ €' ( Wa+ Wy)l;
Wi, = D I (€2'Wy € 'Way)l:
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