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Abstract

We present a new general construction of recursion operator from zero curvature rep-
resentation. Using it, we find a recursion operator for the stationary Nizhnik—Veselov—
Novikov equation and present a few low order symmetries generated with the help of this
operator.

In the present letter we suggest a new method of construction of recursion operator using
the zero curvature representation. Unlike the majority of the hitherto known methods, see, e.g.,
[1]-[4] and references therein, ours is immediately applicabile to both evolutionary and non-
evolutionary systems, and gives not only the recursion operator, but also its inverse, leading
to the ‘negative’ part of the hierarchy of the system in question. We apply the method to the
stationary Nizhnik—Veselov—Novikov (NVN) equation for which no recursion operator has been
found so far.

Let F' = 0 be a system of PDEs in two independent variables z,y for the unknown n-com-
ponent vector function w = (u', ..., u™)T, where the superscript ‘I" denotes matrix transposi-
tion. Let this system have a zero curvature representation D, (A) — D,(B) + [A, B] = 0, where
A and B take values in a (matrix) Lie algebra g and depend on A, z,y and w and its derivatives.
Here D,, D, are the operators of total z- and y-derivatives, see, e.g., Ch 2 of [5], and [6]. Note
that A and B may involve an essential (spectral) parameter A.

Consider a (possibly vector or matrix) function P of z,y, w and its derivatives. Then
the directional derivative of P along an n-component vector U = (U',... U™ is given by
P'U] =370 > or—o(0P/0ugy) DL DI (U), where ugy = u®, ufy = 0"7u®/dx'0y’, cf, e.g., [7].
In [6] P'[U] is called a linearization and denoted ¢pU.

Let U be a symmetry of the system F' = 0, that is, let U satisfy F'[U] = 0 on the solution
manifold of F' = 0 [5, 6]. Consider a g-valued solution S of the system

D,(S)—[A,8]=A=AU], D,S)—[B,S]=B=B[Ul. (1)
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Assume that we have found n linear combinations Ue = Z” a®¥S;; of entries S;; of S, a =
1,...,n, with the property that U = (U"',...,U™)" is another symmetry of F' = 0. Then the
linear operator Ry defined by U = R (U) is a recursion operator, in Guthrie’s [8] sense, for
the equation F' = 0. The coefficients a®*% may depend on A, z,y and w and its derivatives.

However, testing the above scheme on a number of known examples like KAV or Harry Dym
equation shows that SRy generates the nonlocal symmetries that belong to the ‘negative’ part of
the hierarchy of F' = 0. Then we should, if possible, invert 2Ry in order to obtain a ‘conventional’
recursion operator R, which will generate the ‘positive’, local part of the hierarchy in question.
The inversion is an algorithmic process described in [8]. Note [9] that if the coefficients of the
recursion operator are local, then so are the coefficients of its inverse.

Let us now apply this procedure to the stationary NVN equation

Uyyy = Ugzw — (VW) + 3(WU)y, Wy =y, vy = Uy (2)

recently studied by Ferapontov [10], see also Rogers and Schief [11], in connection with isother-
mally asymptotic surfaces in projective differential geometry.
The stationary NVN equation is a reduction of the NVN equation [12, 13]

Ut = Uy — Uyyy — 30U + 3(W)y, Wy = Uy, Uy = Uy, (3)

obtained upon assuming that u,v,w are independent of ¢. The latter is well known to be
integrable via the inverse scattering transform, as it has the Lax pair

wacy - Wﬁ; wt - wacacac - wyyy - 3?}wm + 3wwy (4)

The NVN equation (3) is the first member of the hierarchy describing the deformations preserv-
ing the zero energy level of two-dimensional Schrédinger operator [13]. It also naturally arises
in the theory of surfaces, see [11] and references therein, and its modified version appears in
the string theory [14, 15].

Upon setting [11] ¢ = ¥ exp(At), where A is a constant, the Lax pair (4) can be transformed
into a zero-curvature representation for (2) of the form Dy(A) — D,(B) + [A, B] = 0. This
representation involves an essential parameter A, and the matrices A and B belong to the
semisimple Lie algebra slg of traceless 6 x 6 matrices. They read

0 1 0 0 0 O O O 1 0 0 0
O O o0 o0 1 0 uw 0 0 0 0 O
u 0 0 0 0 O O 0 0 0 o0 1
A= A41 A Uy 0 0 —u ’ B= B41 Uy 0 0 —u 0 ’ (5)
0O 3v 0 -1 0 0 u, w 0 0 0 O
uy 0 w 0 0 O A 0 3w—-1 0 0
matrices with zero trace, and where A4 = —uy, + 3wu, By = —uy, + 3vu.

Let U = (U, V,W)T be a symmetry of (2), i.e. let U, V, W satisfy
DU = DU + 3wD,U — 3vD,U
+ 3u(D,W — D, V) 4+ 3(wy, — v, )U — 3u,V + 3u,W,
D,W = D,U,
D,V = D,U.



Consider a traceless 6 x 6 matrix S that solves (1), where A, B are given by (5) and

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 U 0 0 0 0 0

i w 00 0 0 0| & 0 0 0 0 0 0
|4y o0 DU 0 0 -U|" " | Ba DU 0 0 -U 0
0 3/ 0 0 0 0 DU U 0 0 0 0

DU 0 U 0 0 0 0 0 3W 0 0 0

are the directional derivatives of the matrices A and B (5) along the vector (U, V,W)”,
A41 = —DZ(U) + 3wU -+ 3UW, B41 = —Di(U)/j— §Ugv+ 3uV.

The next step is to find linear combinations U, V', W of entries of S that solve (6). A straight-
forward but tiresome computation shows that for A and B (5) these are U = —S35 4 S,
V =S54+ S1a, W =—513— Se4, i.e. if U = (U,V,W)" is a symmetry of (2), then so is
U = (U,V,W)T. Hence, the linear operator Ry mapping U to U is a recursion operator for (2).

However, the application of Ry to the simplest symmetries of (2), e.g. to the zero symmetry,
yields nonlocal symmetries of (2), so we should invert SRy in order to obtain a recursion operator
R =R, generating hierarchies of local symmetries for (2).

It turns out that our Ry is invertible only for A # 0. Inverting Ry involves solving a sys-
tem of algebraic and differential equations for the components of SR, which is a fairly tiresome
but algorithmic process. For the sake of simplicity we set all the integration constants to zero.
Then R = MR — %)\2 id, where id is the identity operator, is independent of A and provides a
conventional recursion operator for (2).

The action of R on a symmetry U = (U, V,W)T of (2) is given by R(U) = £(U) + MZ.
Here Z = (71, Za, Z3, Zs, Z5)" is a general solution of the system
DuZy =U, DyZi =W, DyZy =V, DyZs =U,

D,Z3 = DU —3(Wu+Uw), D,Zs = DU —3(Vu+ Uv),

D, 7y = — %szU + 2 u; DU + (= 5 tgy + 0+ vw)U + (— 3 tyy + 5 Vag
+ 2uw — v*)V + uoW + uu, Zy + (wu, + uuy, — vv,) Za,

DyZy = — 1 vD2U + 1 v, DU + (= § uyy + 2uw)U + woV + uuyZy + w*W
+ (—vuy + wuy, + vw,) Zo,

D, 75 = — %tzU + s wy DU + (— 5 tge + 2uv)U + w2V + wwW
+ (Vg — wuy + wvy) 2y + uty Zo,

DyZs = — 2 wD2U + 3 uy DU + (= 3 gy + v° + vw)U + uwV
+ (= 3 Uga + 5 Wyy + 2uv — W)W + (wtty + vy, — wwy) Z1 + uuyZo.

Note that this system is compatible if and only if U solves (6).
The operators £ and 9t are of the form

L1 L2 L3 DMy Ny Mz My Dy
L=|La Lo Log|, M= My Mo Moy Moy My; |,
L1 Lg2 L3 Mz Mz Myz NMyy Mss
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L1 =Dy —6vDy — BuD2D; — 150, D} — 2u,D2D, — 2 u, Dy D2 + (— 2wy — 1804,
—|— 0 yw + 9?) D2 + Yu*D, D, + (— um + —uv)D2 + (—3ugyy — 120,04
+ %—6 wuy + 26uuy, + 27vv,) D,y + (26uu, + %vuy)Dy — By — IVazaz
+ Tdwug, + 20Uty + SVUyy + YV, + % UgUy + 91)9% — 4 — 28uvw,
Lp=—BuD} — 106 u, D2+ (— 53—5 Uy + —uv)D2 (— 3 A Uy + 2 vum + 18uv,) D,
— BUgzre + 190Uz, + duty, + 10uv,, + 73—9 UgVy + %“32; — 1202w — 4u112,
Li3=— %uD;l + %uyDg + (= S uyy + %uw)Dz + (3 Unga — VUy — § WUy — UV + uwy) D,
+ 13Uty + Wy + Uy, + 39 uy — 2 uyw, — 1200 — duw?,

_ 28 42 _ 28 i 3 32, 1272 5 L 2 58 2
Lo =5 D, D, — FwD, —6uD, D, —FvD; D, — 8 u,Dy — 3 u,DiD, — 22 v D, D,

+(_%u;ry‘i‘23_8u2+33_27}w)D§+(_1%4uxx+_uv)DD +( Uy
— %8 Vg + 136 uw + 2 1}2)D2 + (—1dugqy + %uum + %—0 vy, + %—8 wvx)Dx

86 59 40 16
+ (= 5 Ugae + 38 vum + 2 uvg) Dy — 6Uagay + 20Ullae + F Vley + 5 Wiy,

+ 2wy, + % ui + 19u,v, — 12u2v — 16uw? — 402w,

3
Loo=—5- DS+ 20D; + v, D3 + (— 2 uyy + Y vge + Buw — 30°) D2 + (— 3 uyy,
n 190 Vi + 28 wux + %—6 uty, — Tovg) Dy — %0 Upzyy + 2 2 Usgan + 4 wum
+ 53—2 Ullgy + 13—6 Vlyy — 13—6 Ve + 73—0 Uglly — 21}5 — 4u?® — 16uvw + 403,
Loz = — uxD?’ (3 Uay — u2)D§ + (= 2 Uayy + 2 Wy + 2utty) Dy — 2 Ugage + 3 Vliae

13 19 40 4 2 2
— Wlgy + 5 Ullyy + 5 Uzy + 5 UgUy + 3 Ugy — 1207w — 4uv”,

_ 28y L S,p3p, — AwD2D? M2y DYy (— By, 2 2
L3 =5, D, D, —6uD, — gvD,D, — 5wD,D, u, Dy + (— 3 ve — 5 wy) DD,

22 2 184 70 4,2\ 2 14 28 20
—gunyDy—l—(—Tum—i-guv—i—gw)Dm—l—(—guyy gvm—i—guw
28 2 2 142 116 28
v*)D, D, + (— uxy +2 u + 2 vw)D (= 5% Uaae + 5° VU + T WUy
82 28 37 28 2
+ 5 uv, + uwy)D + (= uxyy o Vzax + 20 wum + S uuy + Fovy + 5 va)Dy

14 8 52 82 1 2
— GUyypy + 2 vum + T Wlgy + 5 Uy + 5 UV + 5 UgVp + 5 UgWy + 7uy

— 12uw — 16uv? — 4vw?,
Lag = — 29#9 uy D2 + (—9uyy, + 23—5 u?) D2 4 (— 10Uy + 2 uum + 11vuy,) D, — % Ugzay

58 44 4 2 2 2
—|—?uum+?vuw+§wuyy+ u —i——uyvx—l—guywy—lQu v — duw”,

La3 = — 2% D6 + 3 wD4 + wyD3 (11 Wyy — 3w )D2 (190 Wyyy — Twwy) D, — %umyy

5 16 26 16 40 2 3
+ 5§ Wyyyy + 5 Wlkge + F gy + 40Uy — F wWwyy + T ugty — 2w, — 4u” — 16uvw

+ 4w3;



23
M1 = —Uzpayy + 2Wlayp + U uumy + 3VUgyy + 1 3 UWyyy + 5 UyUzz + NgUyy + 30Uy,
+ Wyllyy — 3 Uywy, — duPu, — 6vwu, — Suvu, — 6uwv, — duww,,
My = — +5 +2 + 32 +10 + 2 + 2 —8
12 = —Ugzazax VU 3 Ul gy 3 UVgza Vg Uy 3 Uy Uy 3 Ug Ve UW Uy
— 6v%*u, — 4uu, — 10uvw
x Y T

mli’) =2 Ugze + 2/U/U/LU + 2/(“}:87 S:U(lll = _2U/CE7 S:UIIS = _2uy>

3

_ 32
Mot = —Uggaay + DUUzzy + 30Uy + 2WUgyy + 5 Uplzy + OV Uzy — Wylagy + Uyly,
+ 3 1 9 6w? 9 5u? 2
UyUgz + 3 UgWyy — JUVUz — OW Uy — JUWUy — DU Vg + U Wy,
_ 10 5
SJj{22 — " 9 Ugxryy + /UCELULUILU + wumxm + 5uumxy + Uumyy 3 VVgga + uyu:ﬁx
+ 10ugugy + ?0 Vglyy — gvmvm — 10vwuy, — 4ulu, — 10uvu, + W, — Suwu,,

Moz = — %umyy + 2wuy + 2uuy, Moy = —2v,, Moy = —2u,,

— 10 5
mi’)l — " 9 Ugrras + wyyyyy + Uumxm + uumyy + uvmxm - 3 WWyyy + 1ovxumx

+ 2 gty + 10UgUse — 3 wywy, — 10v%u, — 10uwu, — 4uu, — 10uvv, + dw?w,
+ 2uvwy,

M3 = —Uppgay + OUUgzy + DVULgy + 10Uz UL + DV ULy + g Uy Uy + 13—0 Uy Vg
— 1bhuvu, — 61}2uy — 3uwu, — Sulv, + u2wy,

mgg =_2 Ugzy -+ QUU;U + QUuy, 9ﬁ34 = —2uy, 9ﬁ35 = —wa.

3

Note that the above formula R(U) = £(U) +MZ defines a recursion operator in the sense
of Guthrie [8], and the system (7) defines a covering [6] over (6). Formally, we could express Z;
from (7) as Zy = D;'U, Zy = D'V etc., and thus write R as an integro-differential operator,
as it became traditional in the literature, see, e.g., [3, 5, 7]. However, if we drop the y-part of
(7), we encounter certain difficulties in constructing new symmetries, cf, e.g., [8, 17, 18].

As integrating (7) involves arbitrary constants, we have 8(0) = ¢1.51 + c2S2 + -+ + 555,

where ¢; are constants, and S, ..., S5 are symmetries of (2) of the following form:
mn + %u2m14 + (UU %wQ)mm
S| = | My + %UQSUIM + (UU %wQ)m% ,
Qﬁgl + 1 u29ﬁ34 + (UU 1 w2)9ﬁ35
2

9ﬁ12+(uw——v)fml4+ w5
Sy = | My + (u w—%v)fmm-i-Qumes )
9ﬁ32+(uw—%1)2)9ﬁ34+%u29ﬁ35

Uz + 3(VUy + uv,) Uy Uy
Sy = | —ugyy + 3(wu, +uuy) |, Si=u,= v |, Ssi=u,=| v,
—Ugay + 3(VUy + uuy) Wy wy

The repeated application of R to Sy,...,S5 produces five hierarchies of symmetries of the

stationary NVN equation (2), which can be visualized as follows (numbers in the top line denote

>



the order of symmetries):

1 3 5 7 9 11 13
— S5 RS M28; — - -
L S4 9{54 9«{254_
0 S RS3
Ss RS,
S RS,

We conjecture that all these symmetries are local and commute, as it is the case for the sym-
metries of orders 1,3,5,...,11.

Note that (2) has a scaling symmetry S = xu, +yu, +2u. The application of R to S yields
a nonlocal symmetry of seventh order, which we conjecture to be a master symmetry for (2),
meaning that commuting R(S) with any symmetry belonging to one of the five hierarchies,
described above, yields (up to a constant multiplier) the next member of the same hierarchy.
The repeated application of SR to S yields an infinite hierarchy of nonlocal symmetries for (2).

We believe that fR is hereditary in the sense of [16], but we have not yet checked this because
of the huge amount of computations involved.

As a final remark, let us mention the nonstandard structure of nonlocal terms of R in (7):
they involve the derivatives of components of the symmetry, what is quite unusual, cf, e.g., [19]
for another example of this kind and [20] for a comprehensive list of known today integrable
systems in (1+1) dimensions and their recursion operators.
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