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Graded multiple analogs of Lie algebras

A. M. VINOGRADOV and M. M. VINOGRADOV

Abstract. Graded analogs of (n, k, r)-Lie algebras (in particular, of Nambu–Lie al-
gebras), introduced in [28], are defined and their general property are studied.

1. Introduction

Last years some problems in geometry and mathematical physics stimulated a grow-
ing interest to multi-analogs of Lie algebras and Poisson manifolds. The first of such
analogs was introduced and studied by V.T. Filippov [7] under the name n-Lie alge-
bra. Later and independently this class of algebras was rediscovered by physicists [24]
as Nambu–Lie algebras in connection with the so-called Nambu mechanics [23]. For
further developments see [1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 14, 15, 16, 19, 22, 26, 27].

Around 1990 P. Michor and one of the authors [20] considered another class of mul-
tiple Lie type algebras (see also [21, 2, 4]) close to Stasheff’s sh Lie algebras [17, 25].
These two types of multiple Lie algebras manifest quite different properties as well as
the corresponding multiple Poisson structures. A natural question on what is relation
between these classes of algebras was answered in [28] where for any triple nonnegative
of integers n, k, r the notion of (n, k, r)-Lie algebra was introduced. (n, k, r)-Lie algebras
form a “net” in a natural sense, which extremal lines, namely, (n, n− 1, 0) and (n, 1, 0)
correspond to two aforementioned types of multiple Lie algebras. In this paper we intro-
duce graded analogs of (n, k, r)-Lie algebras and study their general properties, which
are interesting by themselves. Applications are postponed to subsequent publications.

Everywhere below the proofs obtained by direct computations are omitted.

2. Graded Richardson–Nijenhuis bracket

2.1. Preliminaries. A grading group is an Abelian group G with a Z-bilinear sym-
metric map 〈 , 〉 : G × G → Z2. The map 〈 , 〉Z : (p, q) �→ pq mod 2 transforms Z into a
grading group. If (Gi, 〈 , 〉i), i = 1, 2, are grading groups, then (G1 ⊕G2, 〈 , 〉1 ⊕ 〈 , 〉2)
is also a grading group. In particular, (Z ⊕ G, 〈 , 〉 ⊕ 〈 , 〉Z) is a grading group.

A G-graded vector space over a field K is the direct sum A =
⊕

g∈GAg of K-vector
spaces Ag. An element a ∈ Ag is called homogeneous of degree ω(a) = g. A G-graded
algebra is a graded vector space supplied with a K-algebra structure such that Ag ·
Af ⊂ Af+g, f, g ∈ G. Such an algebra A is commutative with respect to (G, 〈 , 〉) if
ab = (−1)〈ω(a),ω(b)〉ba for any homogeneous elements a, b ∈ A.

Key words and phrases. (multi) Lie algebra, (multi) Poisson manifold, (multi) Jacobi identity,
(graded) Richardson–Nijenhuis bracket, Nambu mechanics.
This work was partially supported by the Italian Ministero dell’Università e della Ricerca Scientifica
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Denote by I(n) def
= {1, . . . , n} the set of first n natural numbers ordered naturally.

An unshuffle I = (i1, . . . , ik) is a naturally ordered subset of I(n), i.e., 1 ≤ i1 < i2 <
. . . < ik ≤ n. Put also |I | = k. If I and J are two unshuffles such that I ∩ J = ∅,

I = {i1, . . . , ik}, J = {j1, . . . , jl}, then put (I, J)
def
= {i1, . . . , ik, j1, . . . , jl}. I + J stands

for the unique unshuffle coinciding with (I, J) as a set and (−1)(I,J) denotes the sign of
the permutation sending (I, J) to I +J . If I = {i}, then we write (i, J), (−1)(i,J), i+J
instead of (I, J), (−1)(I,J), I + J , respectively. The unshuffle I − i, i ∈ I , is obtained
from I by cancelling i. Sometimes we write Il instead of il for I = (i1, . . . , il, . . . , in).

An l-linear map L : A × · · · × A → A, A being a G-graded space, is called graded of
degree ω(L) = k ∈ G, if

L(Ag1 × · · · ×Agl) ⊆ Ag1+···+gl+k

The bidegree δ(L) of L is defined as δ(L)
def
= (l− 1, ω(L)) ∈ Z⊕G. Further on we write

simply 〈L,N〉 for 〈δ(L), δ(N )〉.
Let a1, . . . , an ∈ A be homogeneous and (i1, . . . , ik) be an unshuffle. Then a(I) stands

for the ordered set ai1, . . . , ain ∈ A. Put a(σ) = {aσ(1), . . . , aσ(n)} for a permutation σ
of {1, . . . , n} and denote by σi the transposition of i and i+1. Define the parity 〈a(σi)〉
of the graded transposition a(σi) to be equal to 〈ω(ai), ω(ai+1)〉+1. An n-linear graded
map L from A to A is called skew-symmetric if

L(a(I(n))) = (−1)〈a(σi)〉L(a(σi)),(2.1)

and symmetric if

L(a(I(n))) = (−1)〈ω(ai),ω(ai+1)〉L(a(σi)).(2.2)

Denote by AltnK A (resp., Symn
K A) the K-vector space of all skew-symmetric (resp.,

symmetric) n-linear maps from A to A. Then

Alt∗K A =
∞⊕
n=1

AltnK A, Sym∗
K A =

∞⊕
n=1

Symn
K A

become Z × G-graded spaces with respect to the above said bigradings.
If a permutation σ is presented as a composition of transpositions σk1 ◦ · · · ◦ σkm we

define the parity 〈a(σ)〉 of the graded permutation a(σ) as the product 〈a(σk1〉 ◦ · · · ◦
〈a(σkm)〉. Obviously,

L(a(I(n))) = (−1)〈a(σ)〉L(a(σ))

if L ∈ AltnK A.
Notice also the following relation

〈a(I, J)〉 = 〈a(J, I)〉+ nl + 〈ω(a(I)), ω(a(J))〉,(2.3)

where ω(a(I)) =
∑

i∈I ω(ai), ω(a(J)) =
∑

j∈J ω(aj).

2.2. Graded Richardson–Nijenhuis bracket.

Definition 2.1. Let L ∈ AltlK A. The action

L[ · ] : AltnK A −→ Altn+l−1
K A, n ≥ 0,
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is defined by

L[N ](a(I(l+n−1))) = (−1)〈L,N〉
∑

I+J=I(l+n−1)

|I|=n, |J|=l−1

(−1)〈a(I,J)〉L(N (a(I)), a(J)),(2.4)

ai ∈ A, N ∈ AltnK A.

Definition 2.2. The graded Richardson–Nijenhuis bracket [[L,N ]] ∈ Altl+n−1
K A of L ∈

AltlK A, N ∈ AltnK A is defined as,

[[L,N ]]
def
= L[N ] − (−1)〈L,N〉N [L](2.5)

Notice that

δ([[L,N ]]) = δ(L[N ]) = (l + n − 2, ω(L) + ω(N )) = δ(L) + δ(N )(2.6)

Similarly to action (2.4) associated with L ∈ AltlK A, define a pairing (“biaction”)

L[·, ·] : AltnK A× AltpK A −→ Altn+p+l−2
K A

by putting for any N ∈ AltnK A, P ∈ AltpK A

(2.7) L[N ,P ](a(I(l+n+p−2))) = (−1)〈L,N〉+〈L,P〉+〈N ,P〉 ×

×
∑

I+J=I(l+n+p−2)

|I|=n, |J|=p, |L|=l−2

(−1)〈a(I,J,L)〉+〈ω(a(I)),ω(P)〉L(N (a(I)),P(a(J)), a(L)).

Lemma 2.3. Let L,N ,P ∈ Alt∗K A be homogeneous. Then

L[P ,N ] = (−1)〈P ,N〉+p+nL[N ,P ].(2.8)

Lemma 2.4. Let L,N ,P ∈ Alt∗K A be homogeneous. Then(
P [L]

)
[N ] = P [L[N ]] + (−1)l(n−1)P [L,N ].(2.9)

� By definition we have

(2.10)
(
P [L]

)
[N ](a(I(l+n+p−2)))

= (−1)〈P+L,N〉
∑

J+T=I(l+n+p−2)

|J|=n, |T |=p+l−2

(−1)〈a(J,T )〉(P [L]
)
(N (a(J)), a(T ))

= (−1)〈P ,N〉+〈L,N〉+〈P ,L〉
( ∑

J+I+K=I(l+n+p−2)

|J|=n,|I|=l−1,|K|=p−1

(−1)〈a(J,I+K)〉+〈a(I,K)〉P(L(N (a(J)), a(I)), a(K))

+
∑

J+I+K=I(l+n+p−2)

|J|=n,|I|=l,|K|=p−2

(−1)〈a(J,I+K)〉+〈a(I,K)〉+〈σ〉P(L(a(I)),N (a(J)), a(K))
)
,

where σ is the permutation sending
(
N (a(J)), a(I)

)
to

(
a(I),N (a(J))

)
. The first sum-

mation is identical to P [L[N ]](a(I(l+n+p−2))), while the second one coincides up to signs

with the summation defining P [L,N ](a(I(l+n+p−2))). Coincidence of the signs is checked
directly by using (2.3) �
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Theorem 2.5. Let L,N ,P ∈ Alt∗K A be homogeneous. Then

[[P , [[L,N ]]]] = [[[[P ,L]],N ]]+ (−1)〈P ,L〉[[L, [[P ,N ]]]].(2.11)

� By using formulas (2.8), (2.9) we have:

(2.12) [[P , [[L,N ]]]] = P
[
[[L,N ]]

]
− (−1)〈P ,L〉+〈P ,N〉([[L,N ]]

)
[P ]

= P
[
L[N ] − (−1)〈L,N〉N [L]

]
− (−1)〈P ,L〉+〈P ,N〉(L[N ] − (−1)〈L,N〉N [L]

)
[P ]

= P [L[N ]]− (−1)〈L,N〉P [N [L]]

− (−1)〈P ,L〉+〈P ,N〉(L[N ]
)
[P ] + (−1)〈P ,L〉+〈P ,N〉+〈L,N〉(N [L]

)
[P ]

= P [L[N ]]− (−1)〈L,N〉P [N [L]]

− (−1)〈P ,L〉+〈P ,N〉L[N [P ]] + (−1)〈P ,L〉+〈P ,N〉+〈L,N〉N [L[P ]]

− (−1)〈P ,L〉+〈P ,N〉+n(p−1)L[N ,P ] + (−1)〈P ,L〉+〈P ,N〉+〈L,N〉+l(p−1)N [L,P ]

= P [L[N ]]− (−1)〈L,N〉P [N [L]]

− (−1)〈P ,L〉+〈P ,N〉L[N [P ]] + (−1)〈P ,L〉+〈P ,N〉+〈L,N〉N [L[P ]]

− (−1)〈P ,L〉+p(n−1)L[P ,N ] + (−1)〈P ,N〉+〈L,N〉+p(l−1)N [P ,L]

and similarly for [[[[P ,L]],N ]] and [[L, [[P ,N ]]]]. These three expressions put as it is
required by (2.11) give the desired identity in view of formula (2.8). �
2.3. Insertion operators. Associate with a given L ∈ AltlK A and a1, . . . , ak ∈ A a
(l − k)-linear map ia1,...,ak(L) ∈ Altl−kK A defined by

ia1,...,ak(L)(b1, . . . , bl−k)
def
= L(a1, . . . , ak, b1, . . . , bl−k).

Put also δ(ia) = (−1, ω(a)).

Proposition 2.6. Let L ∈ AltlK A, N ∈ AltnK A and a ∈ A. Then

ia(L[N ]) = ia(L)[N ] + (−1)〈ia,L〉L[ia(N )].(2.13)

Corollary 2.7. Under hypothesis of the proposition we have

ia([[L,N ]]) = [[ia(L),N ]] + (−1)〈ia,L〉[[L, ia(N )]].(2.14)

2.4. Exterior multiplications. If A is a commutative K-algebra. the space Alt∗K A
is supplied naturally with an exterior product. Namely, if L ∈ AltlK A, N ∈ AltnK A we
put

(2.15) (L ∧ N )(a(I(l+n)))
def
= (−1)〈ω(L),ω(N )〉 ×

×
∑

I+J=I(l+n)

|I|=l, |J|=n

(−1)〈a((I,J))〉+〈ω(N ),ω(a(I))〉L(a(I))N (a(J)).

Now with any L ∈ AltlK A the map

L̂ : Alt∗K A → Alt∗K A, N �→ L ∧N .
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is associated. Obviously, δ(L̂) = (l, ω(L)).

Lemma 2.8. Let L,N ∈ Alt∗K A be homogeneous and a ∈ A. Then

L ∧N = (−1)〈L̂,N̂ 〉N ∧L,(2.16)

ia(L ∧N ) = ia(L) ∧N + (−1)〈L̂,ia〉L ∧ ia(N ).(2.17)

Denote by MdlK(A) ⊂ AltlK A the subspace of all skew-symmetric graded multideriva-
tions of A. Namely L ∈ MdlK(A) iff

(2.18) L(ab, a2, . . . , al) = (−1)〈ω(a),ω(L)〉aL(b, a2, . . . , al)

+ (−1)〈ω(a)+ω(L),ω(b)〉bL(a, a2, . . . , al)

(the graded Leibnitz rule). Put also Md∗
K(A) = ⊕lMdlK(A).

Lemma 2.9. If L ∈ MdlK(A), P ∈ AltpK A, Q ∈ AltqK A, then

L[P ∧ Q] = L[P ] ∧ Q+ (−1)〈L,P̂〉P ∧ L[Q].(2.19)

� A tedious straightforward computation by making use the graded Leibnitz rule. �

Lemma 2.10. Let L,N ,P ∈ Alt∗K A be homogeneous, then

(L ∧ N )[P ] = L ∧N [P ] + (−1)〈L,P̂〉L[P ] ∧ N .(2.20)

Proposition 2.11. If L ∈ MdlK(A), P ∈ AltpK A, Q ∈ AltqK A, then

[[P ∧Q,L]] = P ∧ [[Q,L]] + (−1)〈Q̂,L〉[[P ,L]]∧Q.(2.21)

� In view of the previous lemmas one has

(2.22) [[P ∧ Q,L]] = (P ∧Q)[L]− (−1)〈P∧Q,L〉L[P ∧Q]

= P ∧Q[L] + (−1)〈Q̂,L〉P [L] ∧ Q− (−1)〈P∧Q,L〉L[P ] ∧Q

− (−1)〈P∧Q,L〉+〈P̂ ,L〉P ∧ L[Q].

Now the result is obtained by observing that

〈P ∧ Q,L〉 + 〈P̂ ,L〉 = 〈Q,L〉, 〈P ∧ Q,L〉 − 〈Q̂,L〉 = 〈P ,L〉. �

Proposition 2.12. Under the assumptions of the previous proposition it holds

[[L,P ∧Q]] = [[L,P ]]∧Q + (−1)〈L,P̂〉P ∧ [[L,Q]].(2.23)

Remark 2.1. In view of (2.16), formulas (2.21) and (2.23) can be rewritten as

[[P ∧Q,L]] = P ∧ [[Q,L]] + (−1)〈Q,P〉Q ∧ [[P ,L]],(2.24)

[[L,P ∧Q]] = [[L,P ]]∧Q + (−1)〈Q,P〉[[L,Q]]∧ P .(2.25)
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Proposition 2.13. Let L,N ,P ,Q ∈ Md∗
K(A) be homogeneous elements. Then

(2.26) [[P ∧ Q,L ∧N ]] = P ∧ [[Q,L]]∧N + (−1)〈Q̂,P̂〉Q ∧ [[P ,L]]∧N

+ (−1)〈L̂,N̂ 〉P ∧ [[Q,N ]]∧ L + (−1)〈Q̂,P̂〉+〈L̂,N̂ 〉Q ∧ [[P ,N ]]∧ L

Assume now that the base algebra A is also G-graded. Denote by AltnK(A, K) the
space of all graded skew-symmetric n-covectors. In other words, these are n-linear maps
from ϕ : A → K such that

ϕ(a(I(n))) = (−1)〈a(σ)〉ϕ(a(σ)),

ϕ(fa1, . . . , an) = (−1)〈ϕ,f〉ϕ(a1, . . . , an), f ∈ K.

Let ϕ ∈ Alt
|ϕ|
K (A, K), ψ ∈ Alt

|ψ|
K (A, K), L ∈ AltlK A. The exterior products ϕ ∧ ψ ∈

Alt
|ϕ|+|ψ|
K (A, K) and ϕ∧L ∈ Alt

|ϕ|+l
K A and the action ϕ[L] ∈ Alt

|ϕ|+l−1
K (A, K) are defined

naturally:

(2.27) (ϕ ∧ ψ)(a(I(|ϕ|+|ψ|)))
def
= (−1)〈ω(ϕ),ω(ψ)〉 ×

×
∑

I+J=I(|ϕ|+|ψ|)
|I|=|ϕ|, |J|=|ψ|

(−1)〈a((I,J))〉+〈ω(a(I)),ω(ϕ)〉ϕ(a(I))ψ(a(J))

(2.28) (ϕ ∧ L)(a(I(|ϕ|+l)))
def
= (−1)〈ω(ϕ),ω(L)〉 ×

×
∑

I+J=I(|ϕ|+l)
|I|=|ϕ|, |J|=l

(−1)〈a((I,J))〉+〈ω(a(I)),ω(L)〉ϕ(a(I))L(a(J))

(2.29) ϕ[L](a(I(|ϕ|+l−1)))
def
= (−1)〈ϕ,L〉 ×

×
∑

I+J=I(|ϕ|+l−1)

|I|=|ϕ|,‖J|=l−1

(−1)〈a((I,J))〉ϕ(L(a(I)), a(J)), a(I) ∈ A,

The following formulas are obtained in the same way as their analogs discussed above:

ia(ϕ[L]) = ia(ϕ)[L] + (−1)〈ia,ϕ〉ϕ[ia(L)](2.30)

L[ϕ ∧N ] = (−1)〈L,ϕ̂〉ϕ ∧ L[N ](2.31)

ψ[ϕ∧N ] = (−1)〈ψ,ϕ̂〉ϕ ∧ ψ[N ](2.32)

(ϕ ∧N )[L] = ϕ ∧ N [L] + (−1)〈N̂ ,L)〉ϕ[L] ∧N(2.33)

ia(ϕ ∧ N ) = ia(ϕ) ∧N + (−1)〈ia,ϕ̂〉ϕ ∧ ia(N )(2.34)

In an obvious way they imply the Leibnitz type rules:

[[ϕ∧ L,N ]] = ϕ ∧ [[L,N ]] + (−1)〈L̂,N〉ϕ[N ] ∧ L(2.35)

[[L, ψ ∧ N ]] = (−1)〈L,N〉ψ ∧ [[L,N ]]− (−1)〈L,ψ〉ψ[L] ∧N(2.36)
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[[ϕ∧ L, ψ ∧ N ]] = (−1)〈L,N〉ϕ ∧ ψ ∧ [[L,N ]]

−(−1)〈L,ψ〉ϕ ∧ ψ[L] ∧ N + (−1)〈L̂,ψ∧N〉+〈ϕ,ψ̂〉ψ ∧ ϕ[N ] ∧ L
(2.37)

3. Multi-Lie algebra structures

3.1. Main definition.

Definition 3.1. Let integers l, k, r be such that 0 ≤ r ≤ k < l. A multilinear map
L ∈ AltlK A defines a Lie algebra structure of type (l, k, r) (or, (l, k, r)-structure) on A
if for any a1, . . . , ak, b1, . . . br ∈ A the following identity holds

[[ib1,...,br(L), ia1,...,ak(L)]] = 0.(3.1)

Identity (3.1) is called (l, k, r)-Jacobi identity. (l, k, 0)-structures are of a particular

interest and will be called (l, k)-structures. Denote by L(n,k,r)(A) (resp. L(n,k)(A)) the
set of all (l, k, r)-structures (resp., (l, k)-structures) on A.

Example 3.1. In [28] it was shown that in the nongraded case (l, l− 1, 0)-structures are
Filippov–Lie (=Numbu–Lie) structures. Therefore, the (l, l−1, 0)-Jacobi identity defines
graded Filippov–Lie (i.e., Nambu–Lie) structures. Similarly [28], (2l, 1, 0)-structures are
graded analogs of 2l-Lie structures in the sense of Michor–Vinogradov [21].

3.2. Hereditary structures. It was shown in [28] that if L is an (l, k)-structure, then

La def
= ia(L) is an (l − 1, k − 1)-structure for any a ∈ A. The graded analog of this fact

is as follow.

Proposition 3.2. Let L be (l, k)-Lie algebra, k > 0. Then for any even a ∈ A, La is
an (l − 1, k − 1)-Lie algebra structure called hereditary (with respect to L).

� In fact, let L be an (l, k)-Lie structure. In view of (2.14) we have

(3.2) ia([[L, ia1,...,ak(L)]])

= [[ia(L), ia1,...,ak(L)]] + (−1)〈ia,L〉[[L, ia1,...,ak,a(L)]] = 0

for any a1, . . . , ak. If  =  1 is even, then [[L, ia1,...,ak,a(L)]] = 0. So,

[[ia(L), ia,a2...,ak(L)]] = 0.

In other words, [[ia(L), ia(L)a2...,ak ]] = 0. �
Diagram 1 illustrates interrelations among hereditary structures.
Similarly one can prove the following assertion.

Proposition 3.3. Let L ∈ L(l,k,r)(A) with r > 0. Then

La ∈L(l−1,k,r−1)(A)∩ L(l−1,k−1,r)(A) ∩ L(l−1,k−1,r−1)(A), if k > r,

La ∈L(l−1,k,k−1)(A)∩ L(l−1,k−1,k−1)(A), if k = r.
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L(5,0)(A) L(5,1)(A)
ia

������������

� ��� L(5,2)(A)
ia

������������
L(5,3)(A)

ia

������������
L(5,4)(A)

ia

������������

L(4,0)(A) L(4,1)(A)
ia

������������
L(4,2)(A)

ia

������������
L(4,3)(A)

ia

������������

L(3,0)(A) L(3,1)(A)
ia

������������
� ��� L(3,2)(A)

ia

������������

L(2,0)(A) L(2,1)(A)
ia

������������

L(1,0)(A)

Diagram 1.

3.3. Compatible structures.

Definition 3.4. Let L,N be (l, k, r)-structures. They are called compatible if αL+ βN
is also an (l, k, r)-structure for any α, β ∈ K.

It results immediately from Definition 3.1 that (l, k, r)-structures L and N are com-
patible iff

[[ib1,...,br(L), ia1,...,ak(N )]] + [[ib1,...,br(N ),a1,...,ak (L)]] = 0(3.3)

takes place for any a1, . . . , ak, b1, . . . , br ∈ A. This relation generalizes the well known
Magri compatibility condition [18]; (3.3) shows immediately that L and N are compat-
ible iff L+ N is an (l, k, r)-structure.

The following simple fact is very important for various applications.

Proposition 3.5. Let L be a multi-Lie algebra structure and a, b ∈ A be even. Then
La and Lb are compatible multi-Lie structures of the corresponding type as indicated in
Propositions 3.2 and 3.3.

� It results banally from the fact that La + Lb = La+b. �
Remark 3.1. The (l, k, r)-Jacobi identity tells that an (l, k, r)-Lie algebra is compatible
with itself.

3.4. Cohereditary structures. Put 〈ia(I(k)), ϕ〉j =
∑j−1

m=1 〈iam , ϕ〉.

Lemma 3.6. It holds

(3.4) ia(I(k))(ϕ ∧ L)

=
k∑
j=1

(−1)〈a(I
(k)),ϕ̂〉jϕ(a(J))La(I(k) −j) + (−1)〈a(I

(k)),ϕ̂〉ϕ ∧ La(I(k))
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� The proof is by induction on k. The starting point k = 1 is exactly (2.34), while the
general induction step is straightforward. �
Theorem 3.7. If ϕ ∈ Alt1K(A, K), L ∈ L(n,k)(A), and ϕ[L] = 0, then ϕ ∧ L ∈
L(n+1,k+1)(A).

� It results from Lemma 3.6 that

[[ϕ∧ L, ia(I(k+1))(ϕ ∧ L)]]

=
k∑
j=1

(−1)〈a(I
(k+1),ϕ̂〉jϕ(a(J))[[ϕ∧ L,La(I(k+1) −j)]]

+ (−1)〈a(I
(k+1) ,ϕ̂〉[[ϕ∧ L, ϕ ∧ La(I(k+1))]].

Now, using formulas (2.35) one obtains

[[ϕ∧ L,La(I(k+1) −j)]]

= ϕ ∧ [[L,La(I(k+1) −j)]] + (−1)〈L̂,L(a(I(k+1) −j))〉ϕ[La(I(k+1) −j)] ∧ L.

The first term in the right hand side of this relation vanishes since L ∈ L(n,k)(A), while
the second one vanishes in view of ϕ[La(I(k+1) −j)] = ϕ[L]a(I(k+1) −j). Now it remains to

apply formula (2.37):

[[ϕ∧ L, ϕ ∧ La(I(k+1))]]

= (−1)
〈L,L

a(I(k+1))
〉
ϕ ∧ ϕ[La(I(k+1))] ∧ L− (−1)〈L,ϕ〉ϕ ∧ ϕ[L] ∧ La(I(k+1))

+ (−1)
〈L̂,ϕ∧L

a(I(k+1))
〉+〈ϕ,ϕ̂〉

ϕ ∧ ϕ ∧ [[L,La(I(k+1))]] = 0.

�
This theorem allows us to obtain examples of ordinary structures.

Definition 3.8. A multi-Lie structure of the form ϕ∧L is called cohereditarywith respect
to L.

It easy to see that any two cohereditary structures ϕ ∧L and ψ ∧ L are compatible.
Similarly, cohereditary structures ϕ∧L and ϕ∧N are compatible if multi-Lie structures
L,N ∈ AltlK A are compatible.

Interrelations among cohereditary structures are illustrated by Diagram 2.

Theorem 3.9. Let

1. L ∈ L(l,k,r−1)(A) ∩ L(l,k−1,r)(A)∩ L(l,k−1,r−1)(A), k > r,
or
L ∈ L(l,k,k−1)(A)

⋂
L(l,k−1,k−1)(A),

2. ϕ ∈ Alt1K(A, K) Υϕ[L] = 0.

Then ϕ ∧ L ∈ L(l+1,k,r)(A).

� From Lemma 3.6 one finds easily that

[[ib(I(r))(ϕ ∧ L), ia(I(k))(ϕ ∧ L)]] =
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L(5,0)(A) L(5,1)(A)� ��� L(5,2)(A) L(5,3)(A) L(5,4)(A)

L(4,0)(A)

∧ϕ
������������

L(4,1)(A)

∧ϕ
������������

L(4,2)(A)

∧ϕ
������������

L(4,3)(A)

∧ϕ
������������

L(3,0)(A)

∧ϕ
������������

L(3,1)(A)� ���

∧ϕ
������������

L(3,2)(A)

∧ϕ
������������

L(2,0)(A)

∧ϕ
������������

L(2,1)(A)

∧ϕ
������������

L(1,0)(A)

∧ϕ
������������

Diagram 2.

r∑
m=1

k∑
j=1

(−1)〈b(I
(r)),ϕ̂〉m+〈a(I(k)),ϕ̂〉j [[ϕ(bm)Lb(I(r) −m), ϕ(a(J))La(I(k) −j)]]

+
r∑

m=1

(−1)〈b(I
(r)),ϕ̂〉m+〈a(I(k)),ϕ̂〉[[ϕ(bm)Lb(I(r) −m), ϕ ∧ La(I(k))]]

+
k∑
j=1

(−1)〈a(I
(k)),ϕ̂〉j+〈b(I(r)),ϕ̂〉[[ϕ∧ Lb(I(r)), ϕ(a(J))La(I(k) −j)]]

+ (−1)〈b(I
(r)),ϕ̂〉+〈a(I(k)),ϕ̂〉[[ϕ∧ Lb(I(r)), ϕ∧ La(I(k))]] =

r∑
m=1

k∑
j=1

(−1)〈b(I
(r)),ϕ̂〉m+〈a(I(k)),ϕ̂〉jϕ(bm)ϕ(a(J))[[Lb(I(r) −m),La(I(k) −j)]]

+
r∑

m=1

(−1)〈b(I
(r)),ϕ̂〉m+〈a(I(k)),ϕ̂〉ϕ(bm)[[Lb(I(r) −m), ϕ ∧ La(I(k))]]

+
k∑
j=1

(−1)〈a(I
(k)),ϕ̂〉j+〈b(I(r)),ϕ̂〉ϕ(a(J))[[ϕ∧ Lb(I(r)),La(I(k) −j)]]

+ (−1)〈b(I
(r)),ϕ̂〉+〈a(I(k)),ϕ̂〉[[ϕ∧ Lb(I(r)), ϕ ∧ La(I(k))]].

It is sufficient to show that each term in the last expression vanishes. Due to the fact
that L ∈ L(l,k−1,r−1)(A) this is obvious for terms [[Lb(I(r) −m),La(I(k) −j)]]. Then in view of

(2.36) one has

[[Lb(I(r) −m), ϕ ∧ La(I(k))]]

= (−1)
〈L
b(I(r) −m)

,L
a(I(k))

〉
ϕ ∧ [[Lb(I(r) −m),La(I(k))]]
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= (−1)
〈L
b(I(r) −m)

,ϕ〉
ϕ[Lb(I(r) −m)] ∧ La(I(k)).

The first term in this expression vanishes since L ∈ L(l,k,r−1)(A), while the second one
vanishes in virtue of

ϕ[Lb(I(r) −m)] = ϕ[ib(I(r) −m)L] = ib(I(r) −m)ϕ[L].(3.5)

Similarly, formula (2.35) shows that [[ϕ∧Lb(I(r)),La(I(k) −j)]] = 0. Finally from (2.37) one
sees that

[[ϕ∧ Lb(I(r)), ϕ ∧ La(I(k))]]

= (−1)
〈L
b(I(r))

,L
a(I(k))

〉
ϕ ∧ ϕ ∧ [[Lb(I(r)),La(I(k))]]

− (−1)
〈L
b(I(r))

,ϕ〉
ϕ ∧ ϕ[Lb(I(r))] ∧ La(I(k))

+ (−1)
〈L̂
b(I(r))

,ϕ∧L
a(I(k))

〉+〈ϕ,ϕ̂〉
ϕ ∧ ϕ[La(I(k))] ∧ Lb(I(r)).

The first term in this expression vanishes banally. The remaining two ones are equal to
zero in view of (3.5). �

Assume now that L ∈ L(l,k,r)(A), k > 0, ϕ ∈ Alt1K(A, K), ϕ[L] = 0, and c ∈ A is
even. Then, as it results from Propositions 3.2, 3.3 and Theorems 3.7, 3.9, ϕ∧Lc is an
(l, k, r)-structure.

Theorem 3.10. Under these assumptions, (l, k, r)-structures L and ϕ ∧ Lc are com-
patible.

� By using Lemma 3.6, the compatibility condition of the structures L and ϕ∧Lc can
be rewritten as follows:

[[ib(I(r))L, ia(I(k))(ϕ ∧ Lc)]] + [[ib(I(r))(ϕ ∧ Lc), ia(I(k))L]]

= [[ib(I(r))L,
k∑
j=1

(−1)〈a(I
(k)),ϕ̂〉jϕ(a(J))Lc,a(I(k) −j)

+ (−1)〈a(I
(k)),ϕ̂〉ϕ ∧ Lc,a(I(k))]]

+ [[

r∑
j=1

(−1)〈b(I
(r)),ϕ̂〉jϕ(b(J))Lc,b(I(r) −j)

+ (−1)〈b(I
(r)),ϕ̂〉ϕ ∧ Lc,b(I(r)), ia(I(k))L]]

=

k∑
j=1

(−1)〈a(I
(k)),ϕ̂〉jϕ(a(J))[[ib(I(r))L,Lc,a(I(k) −j)]]

+ (−1)〈a(I
(k)),ϕ̂〉[[ib(I(r))L, ϕ ∧ Lc,a(I(k))]]

+
r∑
j=1

(−1)〈b(I
(r)),ϕ̂〉jϕ(b(J))[[Lc,b(I(r) −j), ia(I(k))L]]

+ (−1)〈b(I
(r)),ϕ̂〉[[ϕ∧ Lc,b(I(r)), ia(I(k))L]]
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The summands forming both summations in the last expression are equal to zero by def-
inition of (l, k, r)-structures. It remains to show that two single terms in this expressions
vanish as well. In view of (2.36) the first of them can be represented as follows:

[[ib(I(r))L, ϕ ∧ Lc,a(I(k))]]

= (−1)
〈i
b(I(r))

L,L
c,a(I(k))

〉
ϕ ∧ [[ib(I(r))L,Lc,a(I(k))]]

− (−1)
〈i
b(I(r))

,ϕ〉
ϕ[ib(I(r))L] ∧ Lc,a(I(k)).

As above, the first term in this expression vanishes since L is an (l, k, r)-structure, while
the second one is equal to zero in virtue of

ϕ[ib(I(r))L] = ib(I(r))(ϕ[L]) = 0.

The fact that
[[ϕ∧ Lc,b(I(r)), ia(I(k))L]] = 0

is proved similarly by using (2.35) instead of (2.36). �
3.5. Poisson multialgebras. The following notion is a multiple graded analog of that
of a Poisson algebra.

Definition 3.11. Let A be a graded commutative K-algebra. A map L ∈ AltnK A is
called a Poisson (l, k, r)-structure on A if

1. L is an (l, k, r)-structure;
2. L is a multiderivation of A, i.Ξ.,

L(aa′, a2, . . . , an) = (−1)〈a,L〉aL(a′, a2, . . . , an)

+ (−1)〈a
′,L〉+〈ω(a),ω(a′)〉a′L(a, a2, . . . , an).

Observe that for G = Z, A = A0 = C∞(M), M being a smooth manifold, a Poisson
(2, 1)-structure on A is exactly a standard Poisson structure on M . By this reason it
is natural to look for a similar geometrical interpretation for general Poisson (l, k, r)-
structures as Poisson (l, k, r)-manifolds. This is another task we hope to consider in a
subsequent work. In the nongraded case the structure of Poisson (n, 1)- and (n, n− 1)-
manifolds was studied in [1, 3, 4, 6, 8, 10, 13, 19, 22, 26, 27].
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